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ABSTRACT 

Estimating key unknown population parameters, such as population mean and the population total, has been a 
fundamental objective in sample survey theory. However, this task becomes challenging particularly in time-based 
surveys when the observed data are contaminated by non-response and measurement errors. The presence of non-
response and measurement errors can substantially reduce the accuracy and reliability of conventional estimators. 
Motivated by these practical challenges, this study proposes a novel estimator for the population mean based on a hybrid 
exponentially weighted moving average (HEWMA) framework. The HEWMA framework effectively integrates 
information from both current and past surveys. The proposed estimator optimally combines time-based information 
while mitigating the adverse impact of missing and mis-specified observations. Analytical expressions for the bias and 
variance of the proposed estimator are derived, and explicit efficiency conditions are established to compare it with the 
existing classical estimator. The performance of the estimator is further evaluated through extensive Monte Carlo 
simulations across measurement error and varying levels of non-response. The practical applicability of the proposed 
estimator is also demonstrated using a real survey dataset. The results indicate that the proposed HEWMA-based 
estimator consistently achieves lower variance and higher efficiency than the existing estimators cross a wide range of 
practical scenario. Therefore, the proposed HEWMA-based estimator offers a reliable and efficient alternative for 
estimating the population mean in time-based surveys affected by non-response and measurement errors. 

Keywords: HEWMA; Non-Response; Measurement Error; Time-Based Survey; Simulation Study. 

1 INTRODUCTION 

Due to the impracticality of complete enumeration in some situations, sample surveys provide reliable information 
across several disciplines, including agricultural sciences, business management, demography, economics, education, 
engineering, medical sciences, and social sciences. It enables inference about unknown parameters in a population, such 
as totals, means, proportions, etc. The most fundamental inference about a population is estimating its mean with 
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greater precision of the proposed estimators. Several authors such as Cochran (1940), Murthy (1964), Sahai (1979), 
Prasad (1989), Singh (2003), Kadilar and Cingi (2004), Kadilar et al. (2009), Ozturk (2014), Hafeez and Shabbir (2015), 
Singh et al. (2016), Sharma and Kumar (2021), Kusum (2022), Yadav (2022), and others, have studied the estimation of 
the population mean. 

In real-life situations, a survey most often encounters non-sampling errors in addition to sampling error. Among these, 
non-response and measurement error substantially influence the accuracy and reliability of statistical estimates.  

Measurement error constitutes a major form of non-sampling error. It occurs when the recorded response deviates 
from the true value of the variable of interest. Such errors may arise due to recall bias, misunderstanding of questions, 
interviewer effects, ambiguous questionnaire design, or data processing inaccuracies. Measurement error can introduce 
bias and inflate variability, thereby reducing the overall accuracy and credibility of survey findings. For example, in 
online surveys, people may give higher ratings than they truly feel or misunderstand the scale. In rural health surveys, 
some respondents may not fully understand the questions, leading to wrong answers. In studies involving elderly or ill 
individuals, memory problems or weakness can lead to inaccurate responses. A large number of researchers have 
studied parameter estimation in the presence of measurement error, including works such as Cochran (1968, 1977), 
Fuller (2009), Biemer and Stokes (2004), Singh and Karpe (2009, 2010), Kumar et al. (2011), Shukla et al. (2012), 
Sharma and Singh (2013), Zahid and Shabbir (2019), Tiwari et al. (2022), and others.  

Non-response is another important type of non-sampling error. It arises when information can not be obtained from all 
the sampled units. Broadly, the non-response is classified into item non-response and unit non-response. Item non-
response refers to situations in which respondents participate in the survey but fail to provide complete information 
for certain variables. In contrast, unit non-response occurs when some sampled units do not provide any information, 
leaving those units with no observations. In this study, we consider the problem of unit non-response, which may lead 
to biased and insufficient survey outcomes. We usually encounter this issue more often in mail surveys involving human 
respondents rather than personal interviews. Several factors contribute to unit non-response, including lack of 
availability, limited interest, unwillingness to cooperate, low literacy levels, physical or mental constraints, and 
concerns. Such factors may systematically affect participation and consequently compromise the representativeness 
and validity of survey estimates. For example, consumers may ignore online product feedback surveys because they do 
not see a personal benefit, leading to biased estimates of customer satisfaction. In rural areas, respondents may not 
understand written questionnaires on health practices, potentially affecting the accuracy of public health estimates. 
Elderly or severely ill individuals may be unable to respond due to physical weakness or cognitive decline, which may 
lead to biased health indicators.  

Hansen and Hurwitz (1946) first addressed the issue of non-response in mail surveys and suggested random sub-
sampling from the initial non-respondents after the initial mail questionnaire, then contacting them with a more 
expensive method. Further, several authors, such as Rao (1986, 1987), Khare & Srivastava (1993, 1995), Singh (2003), 
Singh & Kumar (2008), Khare and Kumar (2009a, 2009b, 2010, 2011a, 2011b, 2015), Ahmed et al. (2016), Sharma & 
Kumar (2020), and others have examined the problem of non-response.  

In practical survey applications, measurement error and non-response often occur simultaneously rather than 
separately. This combined occurrence can substantially affect the accuracy and reliability of survey estimates. For 
example, in online product feedback surveys, many consumers may not respond at all (non-response) and among those 
who do respond, some may give inaccurate or overly positive ratings (measurement error), in rural health surveys, 
some individuals may not participate (non-response) and even when they respond, they may misinterpret questions 
and provide incorrect answers (measurement error), in health and aging studies, elderly or severely ill individuals may 
fail to respond (non-response) and those who do respond may give imprecise or memory-based answers (measurement 
error). To address these situations in sample surveys, several authors including Jackman (1999), Dixon (2010), Azeem 
(2014), Kumar et al. (2018), Zahid and Shabbir (2018), Kumar and Choudhary (2021), Kumar et al. (2023), Audu et al. 
(2025), Kumar and Kour (2026), and other studied the effects of both measurement error and non-response on the 
estimation of population parameter. These studies highlight the importance of developing estimation methods that 
explicitly account for both sources of non-sampling error. 

The studies discussed above are primarily designed for cross-sectional surveys, in which data are generally collected 
from a current survey only for estimating parameters. In many practical surveys, however, information is collected 
repeatedly over time such as weekly, monthly, or annually. For example, in online product surveys, customer 
satisfaction is monitored regularly to track changes in consumer preferences, in rural health surveys, health indicators 
are measured periodically to evaluate the impact of public health programs, in health and aging studies, physical and 
cognitive conditions are followed over several years, in agricultural surveys, crop yields are recorded across multiple 
growing seasons, in economic surveys, household income and expenditure are tracked over successive quarters. In such 
situations, conventional estimators may not fully utilize the historical information in the data. These applications 
highlight the need for estimators specifically designed for time-based surveys. For such time-based surveys, we can 
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improve the performance of estimators if we utilize information from both the current and the past surveys. To address 
this issue, several authors have proposed memory-type estimators that use current observations along with 
information from previous survey periods. Important contributions include those by Aslam et al. (2020), Noor-ul Amin 
(2020, 2021), Chhaparwal and Kumar (2022), Kumar and Chhaparwal (2024), Kumar et al. (2024), Jakhar and Kumar 
(2024), and Koçyig it (2025). By incorporating historical information, these estimators often provide more accurate and 
efficient estimates. Their work has extended survey estimation methods to a wide range of real-world time-dependent 
applications. 

Research on the combined effects of non-response and measurement error in time-based surveys remains very limited. 
Only a few studies have addressed this issue. Kumar and Chhaparwal (2025) developed an estimator for the population 
mean in the presence of nonresponse in time-based surveys under a simple random sampling design. Qureshi et al. 
(2024) developed estimators for population variance in the presence of measurement error in time-based surveys 
under simple random and stratified sampling designs. Despite these contributions, the available literature remains 
sparse. This reveals a significant research gap and highlights the need for further methodological development in this 
area. 

In this study, we propose an estimator for the population mean under the simultaneous presence of non-response and 
measurement errors. The proposed estimator is constructed using the hybrid exponentially weighted moving average 
(HEWMA) statistic. It combines information from the current and previous survey occasions to improve estimation 
efficiency. 

2 Hybrid Exponentially Weighted Moving Average (HEWMA) 

Let {𝑍𝑡}𝑡≥1 denote a sequence of independent and identically distributed normal random variables with mean 𝜇 and 
variance 𝜎2, that is, 𝑍𝑡 ∼ 𝑁(𝜇, 𝜎2). The hybrid exponentially weighted moving average (HEWMA) statistic, denoted by 
𝐻𝑡 , is defined recursively as follows: 

𝐻𝑡 = 𝜆1𝐸𝑡 + (1 − 𝜆1)𝐻𝑡−1,   0 < 𝜆1 ≤ 1              (1) 

and 

𝐸𝑡 = 𝜆2𝑍𝑡 + (1 − 𝜆2)𝐸𝑡−1; 0 < 𝜆2 ≤ 1, 𝑡 ≥ 1,              (2) 

where the subscripts 𝑡 and 𝑡 − 1 are the survey occasions consist of a sample size 𝑛, the smoothing constants 𝜆1 and 𝜆2 
control the relative contributions of the current and past survey information, and the quantities 𝐻𝑡−1 and 𝐸𝑡−1 represent 
the HEWMA and EWMA statistics for the previous survey occasion, respectively.  

Haq (2013) introduced the HEWMA statistic, denoted by (𝐻𝑡), which is constructed using the exponentially weighted 
moving average (EWMA) statistic, (𝐸𝑡). The initial values of both (𝐻𝑡) and (𝐸𝑡) are taken as the expected population 
mean. In practice, these initial values can be obtained from a pilot survey or historical data. Haq (2017) further showed 
that the HEWMA statistic is an unbiased estimator of the population mean, that is, 

𝐸(𝐻𝑡) = 𝜇   

and 

𝑉(𝐻𝑡) =
(𝜆2𝜆1)2

(𝜆2−𝜆1)2 {
(1−𝜆1)2(1−(1−𝜆1)2𝑡)

1−(1−𝜆1)2 +
(1−𝜆2)2(1−(1−𝜆2)2𝑡)

1−(1−𝜆2)2 −
2(1−𝜆1)(1−𝜆2)(1−(1−𝜆1)𝑡(1−𝜆2)𝑡)

1−(1−𝜆1)(1−𝜆2)
}

𝜎2

𝑛
  

           = 𝜆𝑡
∗ 𝜎2

𝑛
,                  (3) 

where 𝜆𝑡
∗ =

(𝜆2𝜆1)2

(𝜆2−𝜆1)2 {
(1−𝜆1)2(1−(1−𝜆1)2𝑡)

1−(1−𝜆1)2 +
(1−𝜆2)2(1−(1−𝜆2)2𝑡)

1−(1−𝜆2)2 −
2(1−𝜆1)(1−𝜆2)(1−(1−𝜆1)𝑡(1−𝜆2)𝑡)

1−(1−𝜆1)(1−𝜆2)
}.     

3 EXISTING ESTIMATORS   

Considering a finite population 𝑈: (𝑈1, 𝑈2, . . . . 𝑈𝑁) of size 𝑁, it is supposed that the population 𝑈 is composed of two 
separate and non-overlapping groups: responding with 𝑁1 units and non-responding with 𝑁2 units. Now, let 𝑌 refer to 
the study variable with corresponding values 𝑦1 , 𝑦2, … , 𝑦𝑁 . One may need to estimate the population mean 
𝜇𝑌(= ∑ 𝑦𝑖

𝑁
𝑖=1 𝑁⁄ ) of the study variable on the basis of a sample of size 𝑛 drawn from the population 𝑈 by the simple 

random sampling without replacement (SRSWOR). The sample mean estimator 𝑦̅ (= ∑ 𝑦𝑖
𝑛
𝑖=1 𝑛⁄ )  is considered an 
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unbiased estimator of the population mean 𝜇𝑌. However, in real-life situations, a survey most often encounters non-
response. In this situation, Hansen and Hurwitz (1946) first addressed this issue of non-response. The summary of the 
technique suggested by Hansen and Hurwitz (1946) is given below: 

(i) The prepared questionnaire is mailed to all the sampled respondents. (ii) The non-respondents are identified after 
the first attempt to respond. (iii) A random subsampling is made from the identified non-respondents. (iv) Data is 
collected from the subsampled non-respondents through conducting personal interviews, considering that all the 
subsampled units respond this time. (v) The data so obtained from the respondents at the first attempt and at the second 
attempt are combined to estimate the population parameters.  

Let 𝑛1 out of 𝑛 units respond in the first attempt, and 𝑛2 units do not, considered as non-respondents. From 𝑛2 non-
respondents, let a SRSWOR sub-sample of size 𝑟 = 𝑛2 𝑘⁄ ; 𝑘 > 1, to be interviewed personally, and measurements are 
taken from all the 𝑟 units. It is considered that all the 𝑟 units respond this time.       

To account for non-response in sample surveys, Hansen and Hurwitz (1946) developed the following unbiased 
estimator for the population mean (𝜇𝑌) of the study variable:  

𝑦̅∗ = 𝑤1𝑦̅1 + 𝑤2𝑦̅2𝑟 ,                               (4) 

where, 𝑤𝑗 = 𝑛𝑖 𝑛⁄ , 𝑗 = 1, 2,  𝑦̅1 = ∑ 𝑦𝑖
𝑛1
𝑖=1 𝑛1⁄  denotes the sample mean of the respondent group based on the observed 

values obtained in the first survey attempt, and 𝑦̅2𝑟 = ∑ 𝑦𝑖
𝑟
𝑖=1 𝑟⁄  denotes the sample mean of the subsampled non-

respondent group based on the observed values interviewed in the second attempt.    

and showed the variance of the estimator 𝑦̅∗, given by 

𝑉(𝑦̅∗) = 𝛿𝑆𝑌
2 +

𝑊2(𝑘−1)

𝑛
𝑆𝑌(2)

2 ,                                (5) 

where, 𝛿 = (1 𝑛⁄ − 1 𝑁⁄ ),  𝑆𝑌
2 = ∑ (𝑦𝑖 − 𝜇𝑌)2𝑁

𝑖=1 (𝑁 − 1)⁄ , 𝑆𝑌(2)
2 = ∑ (𝑦𝑖 − 𝜇𝑌(2))

2𝑁2
𝑖=1 (𝑁2 − 1)⁄ ,  𝜇𝑌(2) = ∑ 𝑦𝑖

𝑁2
𝑖=1 𝑁2⁄ , 𝑊2 =

𝑁2 𝑁⁄ , and 𝑦̅2𝑟 = ∑ 𝑦𝑖
𝑟
𝑖=1 𝑟⁄ .   

Following the pioneering work of Hansen and Hurwitz (1946), several researchers have further investigated estimation 
under non-response. Notable contributions include those of Rao (1986, 1987), Khare & Srivastava (1993, 1995), Singh 
(2003), Singh & Kumar (2008), Khare and Kumar (2009a, 2009b, 2010, 2011b, 2015), Ahmed et al. (2016), Sharma & 
Kumar (2020), and many others, who proposed improved estimators and methodologies to address non-response in 
sample surveys.  

Measurement error is another important source of non-sampling error that may affect the accuracy of survey estimates. 
Let (𝑦𝑖 , 𝑦𝑖

𝑚) denote the true and observed values, respectively, of the study variable corresponding to the 𝑖𝑡ℎ unit in the 
sample. Then the measurement error is defined as 𝑈𝑖 = 𝑦𝑖

𝑚 − 𝑦𝑖 .  Assuming that the measurement errors are random 
with zero mean, the unbiased estimator for the population mean in the presence of the measurement error is given by  

𝑦̅𝑚 = ∑ 𝑦𝑖
𝑚𝑛

𝑖=1 𝑛⁄  with 𝑉(𝑦̅𝑚) = 𝛿(𝑆𝑌
2 + 𝑆𝑈

2),     (6) 

where 𝑆𝑈
2 = ∑ (𝑦𝑖

𝑚 − 𝜇𝑈)2𝑁
𝑖=1 (𝑁 − 1)⁄  is is the population variance of the measurement errors with  𝜇𝑈 = ∑ 𝑦𝑖

𝑚𝑁
𝑖=1 𝑁.⁄  

We now consider the situation in which non-response and measurement errors occur simultaneously. Let (𝑦𝑖 𝑖
, 𝑦𝑖

∗𝑚) 

denote the true and observed values, respectively, of the study variable corresponding to the 𝑖𝑡ℎ unit in the sample. 
Then the measurement error is given by 𝑈𝑖

∗ = (𝑦𝑖
∗𝑚 − 𝑦𝑖), which is random in nature with mean zero and their variances 

are denoted by 𝑆𝑈
2 for the population and 𝑆𝑈(2)

2  for the non-responding part of the population. Under these assumptions, 

the Hansen and Hurwitz’s (1946) estimator in the simultaneous presence of non-response and measurement error is 
given by     

𝑦̅∗𝑚 = 𝑤1𝑦̅1
𝑚 + 𝑤2𝑦̅2𝑟

𝑚 ,                              (7) 

where 𝑤𝑗 = 𝑛𝑖 𝑛⁄ , 𝑗 = 1, 2,  𝑦̅1
𝑚 = ∑ 𝑦𝑖

∗𝑚𝑛1
𝑖=1 𝑛1⁄  denotes the sample mean of the respondent group based on the observed 

values obtained in the first survey attempt, and 𝑦̅2𝑟
𝑚 = ∑ 𝑦𝑖

∗𝑚𝑟
𝑖=1 𝑟⁄  denotes the sample mean of the subsampled non-

respondent group based on the observed values interviewed in the second attempt.    

The variance of the estimator 𝑦̅∗𝑚 can be written as  



International Journal of Science and Research Archive, 2026, 20(03), 321–335 

325 

𝑉(𝑦̅∗𝑚) = 𝛿(𝑆𝑌
2 + 𝑆𝑈

2) +
𝑊2(𝑘−1)

𝑛
(𝑆𝑌(2)

2 + 𝑆𝑈(2)
2 ),                   (8)  

where 𝑆𝑈(2)
2 = ∑ (𝑦𝑖

∗𝑚 −  𝜇𝑈(2))
2𝑁2

𝑖=1 (𝑁2 − 1)⁄  , and  𝜇𝑈(2) = ∑ 𝑦𝑖
𝑚𝑁2

𝑖=1 𝑁2⁄ . 

The studies discussed above primarily utilize information from the current survey occasion for estimating population 
parameters. However, in many practical applications, data are collected repeatedly over time, such as on a weekly, 
monthly, quarterly, or annual basis. Incorporating information from previous survey occasions, one can improve the 
efficiency of the estimators. Motivated by the HEWMA statistic proposed by Haq (2013, 2017) and the non-response 
framework of Hansen and Hurwitz (1946), Kumar and Chhaparwal (2025) proposed an HEWMA-based estimator for 
the population mean of the study variable (𝑌) under non-response in time-based surveys, which is given by 

𝐻𝑡
∗ = 𝛾1𝐸𝑡

∗ + (1 − 𝛾1)𝐻𝑡−1
∗ ; 0 < 𝛾1 ≤ 1,            (9) 

and 

𝐸𝑡
∗ = 𝛾2𝑦̅𝑡

∗ + (1 − 𝛾2)𝐸𝑡−1
∗ ; 0 < 𝛾2 ≤ 1.                        (10) 

where 𝑦̄𝑡
∗  denotes the Hansen–Hurwitz (1946) estimator at the 𝑡 -th survey occasion. The quantities 𝐻𝑡−1

∗  and 
𝐸𝑡−1

∗ represent the HEWMA and EWMA statistics, respectively, obtained from the previous survey occasion. The 
smoothing constants 𝛾1 and 𝛾2 determine the relative contributions of the current and past survey information. The 
initial values of 𝐸𝑡

∗ and 𝐻𝑡
∗ are taken as the expected population mean and may be obtained from historical information 

or a pilot survey.    

The authors further established that the proposed HEWMA estimator is unbiased for the population mean, that is, 

𝐸(𝐻𝑡
∗) = 𝜇𝑌,              (11) 

and its variance is given by 

𝑉(𝐻𝑡
∗) = 𝛾𝑡

∗ [𝛿𝑆𝑌
2 +

𝑊2(𝑘−1)

𝑛
𝑆𝑌(2)

2 ],             (12) 

𝛾𝑡
∗ = (

𝛾1𝛾2

𝛾1−𝛾2
)

2

[
(1−𝛾1)2{1−(1−𝛾1)2𝑡}

1−(1−𝛾1)2 +
(1−𝛾2)2{1−(1−𝛾2)2𝑡}

1−(1−𝛾2)2 −
2(1−𝛾1)(1−𝛾2){1−(1−𝛾1)𝑡(1−𝛾2)𝑡}

1−(1−𝛾1)(1−𝛾2) 
]  

It is worth noting that when 𝛾1 = 1 and 𝛾2 = 1, the estimator 𝐻𝑡
∗  reduces to the estimator 𝑦̅∗, which shows that the 

Kumar and Chhaparwal (2025) estimator (𝐻𝑡
∗) generalizes the classical Hansen–Hurwitz (1946) estimator 𝑦̅∗  under 

non-response.        

4 PROPOSED ESTIMATOR 

Motivated by the preceding results, we now extend the HEWMA framework to account for the simultaneous presence 
of non-response and measurement errors in time-based surveys. We propose an HEWMA-type estimator for estimating 
the population mean, which is given by  

𝐻𝑡
∗𝑚 = 𝛼1𝐸𝑡

∗𝑚 + (1 − 𝛼1)𝐻𝑡−1
∗𝑚 ; 0 < 𝛼1 ≤ 1,           (13) 

and 

𝐸𝑡
∗𝑚 = 𝛼2𝑦̅𝑡

∗𝑚 + (1 − 𝛼2)𝐸𝑡−1
∗𝑚 ; 0 < 𝛼2 ≤ 1.             (14) 

where 𝑦̄𝑡
∗𝑚 denotes the Hansen–Hurwitz estimator at the 𝑡-th survey occasion in the presence of both non-response and 

measurement errors. The quantities 𝐻𝑡−1
∗𝑚  and 𝐸𝑡−1

∗𝑚  represent the HEWMA and EWMA statistics, respectively, obtained 
from the previous survey occasion. The smoothing parameters 𝛼1 and 𝛼2 determine the relative contributions of the 
current and historical survey information. The initial values of 𝐸𝑡

∗𝑚 and 𝐻𝑡
∗𝑚 are taken as the expected population mean 

and may be obtained from a pilot survey or reliable historical information.   

After repeated substitution, Eqs. (13) and (14) can be written in the forms as 

𝐻𝑡
∗𝑚 = 𝛼1 ∑ (1 − 𝛼1)𝑖𝑡−1

𝑖=1 𝐸𝑡−1
∗𝑚 + (1 − 𝛼1)𝑡𝐻0

∗𝑚                          (15) 



International Journal of Science and Research Archive, 2026, 20(03), 321–335 

326 

and 

𝐸𝑡
∗𝑚 = 𝛼2 ∑ (1 − 𝛼2)𝑗𝑡−1

𝑗=0 𝑦̅𝑡−𝑗
∗𝑚 + (1 − 𝛼2)𝑡𝐸0−1

∗𝑚 .                          (16) 

Now, putting Eq. (16) in Eq. (15), we obtain 

𝐻𝑡
∗𝑚 = 𝛼1𝛼2 ∑ (1 − 𝛼1)𝑖 ∑ (1 − 𝛼2)𝑗𝑡−𝑖−1

𝑗=0 𝑦̅𝑡−𝑖−𝑗
∗𝑚𝑡−1

𝑖=0 + 𝛼1 ∑ (1 − 𝛼1)𝑖(1 − 𝛼2)𝑡−𝑖𝑡−1
𝑖=0 𝜇𝑌 + (1 − 𝛼1)𝑡𝜇𝑌   

         = 𝛼1𝛼2 ∑ {(1 − 𝛼2)𝑡−𝑖 ∑ (
1−𝛼1

1−𝛼2
)

𝑗
𝑡−𝑖
𝑗=0 } 𝑦̅𝑖

∗𝑚 + 𝛼1 ∑ (1 − 𝛼1)𝑖(1 − 𝛼2)𝑡−𝑖𝑡−1
𝑖=0 𝜇𝑌 +  (1 − 𝛼1)𝑡𝜇𝑌

𝑡
𝑖=1            

                (17) 

Taking expectations from both sides of Eq. (17), we obtain, 

𝐸(𝐻𝑡
∗𝑚) = 𝛼1𝛼2 ∑ {(1 − 𝛼2)𝑡−𝑖 ∑ (

1−𝛼1

1−𝛼2
)

𝑗
𝑡−𝑖
𝑗=0 } 𝐸(𝑦̅𝑖

∗𝑚) + 𝛼1 ∑ (1 − 𝛼1)𝑖(1 − 𝛼2)𝑡−𝑖𝑡−1
𝑖=0 𝜇𝑌 +𝑡

𝑖=1  (1 − 𝛼1)𝑡𝜇𝑌  

                = 𝛼1𝛼2 ∑ {(1 − 𝛼2)𝑡−𝑖 ∑ (
1−𝛼1

1−𝛼2
)

𝑗
𝑡−𝑖
𝑗=0 } 𝜇𝑌 + 𝛼1 ∑ (1 − 𝛼1)𝑖(1 − 𝛼2)𝑡−𝑖𝑡−1

𝑖=0 𝜇𝑌 +𝑡
𝑖=1  (1 − 𝛼1)𝑡𝜇𝑌          

                (18) 

On simplification of Eq. (18), we obtain, 

𝐸(𝐻𝑡
∗𝑚) = 𝜇𝑌            (19) 

Further, bias and variance of the estimator (𝐻𝑡
∗𝑚) are obtained as  

𝐵𝑖𝑎𝑠(𝐻𝑡
∗𝑚) = 𝐸(𝐻𝑡

∗𝑚) − 𝜇𝑌 = 0         (20) 

and 

𝑉(𝐻𝑡
∗𝑚) = 𝛼1𝛼2 ∑ {(1 − 𝛼2)𝑡−𝑖 ∑ (

1−𝛼1

1−𝛼2
)

𝑗
𝑡−𝑖
𝑗=0 } 𝑉(𝑦̅𝑖

∗𝑚)𝑡
𝑖=1   

           = (
𝛼1𝛼2

𝛼1−𝛼2
)

2

[∑
(1−𝛼𝑖)2{1−(1−𝛼𝑖)2𝑡}

1−(1−𝛼𝑖)2 −
2(1−𝛼1)(1−𝛼2){1−(1−𝛼1)𝑡(1−𝛼2)𝑡}

1−(1−𝛼1)(1−𝛼2)

2
𝑖=1 ] 𝑉(𝑦̅𝑖

∗𝑚)   

            = 𝛼𝑡
∗ [𝛿(𝑆𝑌

2 + 𝑆𝑈
2) +

𝑊2(𝑘−1)

𝑛
(𝑆𝑌(2)

2 + 𝑆𝑈(2)
2 )]   (also see Kumar and Chhaparwal (2025)    (21) 

The proposed estimator includes several existing estimators as special cases.  

(i) When both non-response and measurement errors are present, setting 𝛼1 = 1 and 𝛼2 = 1 reduces the proposed 
estimator 𝐻𝑡

∗𝑚 to the Hansen–Hurwitz estimator in the presence of both non-response and measurement errors, that is 
𝐻𝑡

∗𝑚 = 𝑦̅∗𝑚.      

(ii) When only non-response is present, setting 𝛼1 = 1 and 𝛼2 = 1 reduces the proposed estimator 𝐻𝑡
∗𝑚 to the Hansen–

Hurwitz estimator in the presence of non-response, that is 𝐻𝑡
∗𝑚 = 𝑦̅∗.      

(iii) When only measurement error is present, setting 𝛼1 = 1 and 𝛼2 = 1 reduces the proposed estimator 𝐻𝑡
∗𝑚 to the 

sample mean based on the observed measurements, that is, 𝐻𝑡
∗𝑚 = 𝑦̅𝑚, and 

(iv) In the absence of both non-response and measurement errors, setting 𝛼1 = 1 and 𝛼2 = 1 reduces the proposed 
estimator 𝐻𝑡

∗𝑚 to the usual sample mean estimator, that is,  𝐻𝑡
∗𝑚 = 𝑦̅.       

The above results show that the proposed estimator generalizes several existing estimators. Therefore, it offers a unified 
estimation framework for complete-response surveys and for surveys affected by non-response, measurement errors, 
or both.    
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5 MATHEMATICAL COMPARISON 

In this section, we establish the condition under which the proposed HEWMA estimator performs better than the 
existing Hansen–Hurwitz estimator in the simultaneous presence of non-response and measurement errors. The 
performance of the proposed estimator 𝐻𝑡

∗𝑚 is better than that of the existing estimator 𝑦̅∗𝑚, that is,   

𝑉(𝐻𝑡
∗𝑚) < 𝑉(𝑦̅∗𝑚) if 0 < 𝛼𝑡

∗ < 1,                 (22) 

which is always true as the values of 𝛼1 and 𝛼2 range from 0 and 1. 

6 SIMULATION STUDY 

This section evaluates the performance of the proposed estimator through a Monte Carlo simulation study implemented 
in R (version 4.5.0). For this purpose, a finite population of size (𝑁 = 500) is generated from the normal distribution 
with assumed parameters, that is 𝑌~𝑁 (0, 1). To estimate the variance of the proposed estimator in (13), 𝑀 = 51000 
simple random samples of size 𝑛 (= 50, 100)  are drawn without replacement from the population using the SRSWOR 
sampling scheme. Each selected sample represents one survey occasion. Thus, the value of 𝑡 ranges from 1 to 𝑀. The 
proposed estimator 𝐻𝑡

∗𝑚 is computed for each of the 𝑀 =  51000 samples. The non-response rates are fixed at 20% and 
15%. For simplicity, the last 20% and 15% units in each selected sample are treated as non-respondents. A subsample 
of the non-respondents is then selected by taking the subsampling rate 𝑘 = 2.0. The performance of the proposed 
estimator is examined under different combinations of the smoothing parameters. First,  𝛼1 is fixed at 0.10 while 𝛼2 
varied over 0.15, 0.50, and 0.9999. Next,  𝛼2 is fixed at 0.9999 and 𝛼1 varied over 0.10, 0.25, and 0.999.           

We obtain the simulated values of variance and percent relative efficiency (PRE) as follows:  

𝑉(𝑇) =
1

𝑀
∑ (𝑇𝑗 − 𝜇𝑌)

2𝑀
𝑗=1  for 𝑇 = 𝑦̅∗, 𝐻𝑡

∗, 𝑦̅∗𝑚, and 𝐻𝑡
∗𝑚,                                  (23) 

𝑃𝑅𝐸(𝑇) =
𝑉(𝑦̅∗)

𝑉(𝑇)
∗ 100% for 𝑇 = 𝑦̅∗and 𝐻𝑡

∗, (Case of non-response),                     (24) 

and  

𝑃𝑅𝐸(𝑇) =
𝑉(𝑦̅∗𝑚)

𝑉(𝑇)
∗ 100% for 𝑇 = 𝑦̅∗𝑚 and 𝐻𝑡

∗𝑚 (Case of non-response & measurement error) (25) 

Table 1: Simulated values of variances and PREs of the estimators at different values of  𝜶𝟐 and 𝒏 for the fixed 
value of 𝜶𝟏 = 𝟎. 𝟏𝟎.  

 𝑾𝟐 = 𝟎. 𝟐𝟎 𝑾𝟐 = 𝟎. 𝟏𝟓 

𝑛 = 50 𝑛 = 100 𝑛 = 50 𝑛 = 100 

Est. Var. PRE Var. PRE Var. PRE Var. PRE 

Case: non-response 

𝛼2 = 0.15 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.000801 2843.32 0.000741 3025.09 0.000755 2898.83 0.000290 3212.78 

𝛼2 = 0.50 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.001120 2034.64 0.001059 2116.90 0.001068 2049.30 0.000420 2214.00 

𝛼2 = 0.9999 ≅ 1.0 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.001264 1802.75 0.001202 1865.50 0.001207 1812.19 0.000480 1938.92 

Case: non-response and measurement error  

𝛼2 = 0.15 
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𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.001667 2680.10 0.002559 1777.86 0.001370 3107.78 0.001417 1398.64 

𝛼2 = 0.50 

𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.002287 1953.18 0.003189 1426.40 0.001966 2165.00 0.001684 1176.90 

𝛼2 = 0.9999 ≅ 1.0 

𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.002568 1739.25 0.003470 1311.09 0.002237 1903.44 0.001804 1097.98 

 

Table 2: Simulated values of variances and PREs of the estimators at different values of  𝜶𝟏 and 𝒏 for the fixed 
value of 𝜶𝟐 = 𝟎. 𝟗𝟗𝟗𝟗 ≅ 𝟏. 𝟎.  

 𝑾𝟐 = 𝟎. 𝟐𝟎 𝑾𝟐 = 𝟎. 𝟏𝟓 

𝑛 = 50 𝑛 = 100 𝑛 = 50 𝑛 = 100 

Est. Var. PRE Var. PRE Var. PRE Var. PRE 

Case: non-response  

𝛼1 = 0.15 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.001903 1197.00 0.001842 1217.00 0.001831 1194.87 0.000743 1252.32 

𝛼1 = 0.50 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.007603 299.61 0.007477 299.79 0.007356 297.46 0.003093 300.71 

𝛼1 = 0.9999 ≅ 1.0 

𝑦̅∗ 0.022778 100.00 0.022416 100.00 0.021880 100.00 0.009301 100.00 

𝐻𝑡
∗ 0.022728 100.22 0.022367 100.22 0.021833 100.22 0.009281 100.22 

Case: non-response and measurement error  

𝛼1 = 0.15 

𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.003815 1171.01 0.004730 961.89 0.003438 1238.16 0.002343 845.49 

𝛼1 = 0.50 

𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.014946 298.87 0.015815 287.67 0.014123 301.43 0.007126 278.03 

𝛼1 = 0.9999 ≅ 1.0 

𝑦̅∗𝑚 0.044669 100.00 0.045494 100.00 0.042570 100.00 0.019813 100.00 

𝐻𝑡
∗𝑚 0.044571 100.22 0.045396 100.22 0.042476 100.22 0.019771 100.21 

  

From Tables 1 and 2, it is evident that the proposed estimator (𝐻𝑡
∗𝑚) has a smaller variance than the existing Hansen–

Hurwitz estimator (𝑦̅∗𝑚) . This indicates that the proposed estimator is more efficient when non-response and 
measurement errors are present simultaneously. Furthermore, the results indicate that the simultaneous presence of 
non-response and measurement errors leads to a higher variance than when only non-response is present. This 
highlights the additional variability introduced by measurement errors.   
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The results also show that the variance decreases as more historical information is incorporated through the HEWMA 
framework. The smoothing parameters 𝛼1  and 𝛼2 , which determine the contributions of the current and previous 
survey occasions, have a noticeable effect on the estimator's performance. As the values of 𝛼1  and 𝛼2  increase, the 
variance of the proposed estimator increases, leading to a corresponding decrease in its PRE.  

In addition, the variance decreases as the non-response rate becomes smaller. Finally, Table 2 shows that, as 𝛼1 → 1 
and 𝛼2 → 1, the proposed estimator 𝐻𝑡

∗𝑚 converges to the Hansen–Hurwitz estimator 𝑦̅∗𝑚. Consequently, its variance 
approaches that of 𝑦̅∗𝑚  which agrees with the theoretical result established in Section 4. The results obtained from 
Tables 2 and 3 are graphically depicted in Figs. 1 and 2, respectively, for better visualization and comparison between 
the estimators.   

 

Figure 1: Simulated variances of the estimators corresponding to the results presented in Table 1. 
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Figure 2: Simulated variances of the estimators corresponding to the results presented in Table 2. 

7 REAL DATA APPLICATION 

To illustrate the practical applicability of the proposed estimator, we consider a real birth weight dataset available at 
https://online.stat.psu.edu/stat501/lesson/8/8.1. The dataset was originally analyzed by Guha et al. (1973) and later 
by Kumar et al. (2024). In the present study, birth weight (in grams) of a baby was considered as the study variable 
(𝑌). The population consists of 32 birth weights with the population mean (𝜇𝑌 = 3090.88 𝑔𝑟𝑎𝑚𝑠).   

A simple random sample of 20 birth weights is drawn without replacement from the population. To represent repeated 
survey occasions, three independent samples (𝑡 = 1,2, 3) are selected using the SRSWOR sampling scheme. The non-
response rates are assumed to be 25% and 15%. For simplicity, the last 25% and 15% units in each sample are treated 
as non-respondents. A subsample of the non-respondents is then selected using the Hansen–Hurwitz procedure with a 
subsampling rate of 𝑘 = 2.0.   

The performance of the proposed estimator is evaluated under different combinations of the smoothing parameters. 
First,  𝛼1  is fixed at 0.10  while 𝛼2  varied over 0.15, 0.50,  and 0.9999.  Next,  𝛼2  is fixed at 0.9999  and 𝛼1  varied over 
0.10, 0.25,  and 0.999.  Using Eqs. (7), (13), (8) and (21), we compute the values of 𝑦̅∗𝑚, 𝐻𝑡

∗𝑚, 𝑉(𝑦̅∗𝑚)  and 𝑉(𝐻𝑡
∗𝑚) , 

respectively. The results are reported in Tables 3 and 4. 

The results show that the proposed estimator (𝐻𝑡
∗𝑚) has a smaller variance than the existing Hansen–Hurwitz estimator 

(𝑦̅∗𝑚). This indicates that the proposed estimator is more efficient when non-response and measurement errors are 
present simultaneously. Furthermore, the results indicate that the simultaneous presence of non-response and 
measurement errors leads to a higher variance than when only non-response is present. This highlights the additional 
variability introduced by measurement errors. 

The results also show that the variance decreases as more historical information is incorporated through the HEWMA 
framework. The smoothing parameters 𝛼1  and 𝛼2 , which determine the contributions of the current and previous 
survey occasions, have a noticeable effect on the estimator's performance. As the values of 𝛼1  and 𝛼2  increase, the 
variance of the proposed estimator increases, leading to a corresponding decrease in its PRE.  

In addition, the variance decreases as the non-response rate becomes smaller. Finally, Table 2 shows that, as 𝛼1 → 1 
and 𝛼2 → 1, the proposed estimator 𝐻𝑡

∗𝑚 converges to the Hansen–Hurwitz estimator 𝑦̅∗𝑚. Consequently, its variance 
approaches that of 𝑦̅∗𝑚 which agrees with the theoretical result established in Section 3.    

https://online.stat.psu.edu/stat501/lesson/8/8.1
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Table 3: Computations of values of 𝒚̅∗, 𝑯𝒕
∗, 𝑽(𝒚̅∗)  and 𝑽(𝑯𝒕

∗)  under non-response and   𝒚̅∗𝒎, 𝑯𝒕
∗𝒎, 𝑽(𝒚̅∗𝒎)  and 

𝑽(𝑯𝒕
∗𝒎) under non-response and measurement errors for various values of  𝜶𝟐 at fixed value of 𝜶𝟏 = 𝟎. 𝟏𝟎.   

 Under non-response Under non-response and measurement error  

 𝑦̅∗ 𝐻𝑡
∗ 𝑉(𝑦̅∗) 𝑉( 𝐻𝑡

∗) 𝑦̅∗𝑚 𝐻𝑡
∗𝑚 𝑉(𝑦̅∗𝑚) 𝑉( 𝐻𝑡

∗𝑚) 

𝑊2 = 0.25  

𝑡 𝛼2 = 0.15 

1 3171.18 3020.63 3475.88 0.08690 3171.05 3020.59 3477.54 0.08694 

2 2989.08 3019.72 3475.88 0.38430 2989.25 3019.68 3477.54 0.38449 

3 3068.45 3020.12 3475.88 0.95713 3068.48 3020.08 3477.54 0.95759 

 𝛼2 = 0.50 

1 3171.18 3027.44 3475.88 8.68971 3171.05 3027.40 3477.54 8.69386 

2 2989.08 3018.34 3475.88 25.72155 2989.25 3018.31 3477.54 25.73382 

3 3068.45 3022.30 3475.88 45.53496 3068.48 3022.27 3477.54 45.55669 

 𝛼2 = 0.9999 ≅ 1.0 

1 3171.18 3034.99 3475.88 34.69 3171.05 3034.94 3477.54 34.71 

2 2989.08 3016.80 3475.88 62.85 2989.25 3016.78 3477.54 62.88 

3 3068.45 3024.73 3475.88 85.66 3068.48 3024.69 3477.54 85.70 

𝑊2 = 0.15  

𝑡 𝛼2 = 0.15 

1 3141.73 3020.48 2958.58 0.07396 3141.74 3020.44 2961.10 0.07403 

2 2947.00 3019.51 2958.58 0.32711 2947.06 3019.47 2961.10 0.32739 

3 3023.08 3019.89 2958.58 0.81469 3023.02 3019.85 2961.10 0.81538 

 𝛼2 = 0.50 

1 3141.73 3025.97 2958.58 7.40 3141.74 3025.93 2961.10 7.40 

2 2947.00 3016.23 2958.58 21.89 2947.06 3016.20 2961.10 21.91 

3 3023.08 3020.04 2958.58 38.76 3023.02 3019.99 2961.10 38.79 

 𝛼2 = 0.9999 ≅ 1.0 

1 3141.73 3032.05 2958.58 29.53 3141.74 3032.01 2961.10 29.55 

2 2947.00 3012.59 2958.58 53.50 2947.06 3012.57 2961.10 53.54 

3 3023.08 3020.19 2958.58 72.91 3023.02 3020.15 2961.10 72.97 

 

Table 4: Computations of values of 𝒚̅∗, 𝑯𝒕
∗, 𝑽(𝒚̅∗)  and 𝑽(𝑯𝒕

∗)  under non-response and   𝒚̅∗𝒎, 𝑯𝒕
∗𝒎, 𝑽(𝒚̅∗𝒎)  and 

𝑽(𝑯𝒕
∗𝒎) under non-response and measurement errors for various values of  𝜶𝟐 at fixed value of 𝜶𝟏 = 𝟎. 𝟗𝟗𝟗𝟗 ≅

𝟏. 𝟎.   

 Under non-response Under non-response and measurement error  

 𝑦̅∗ 𝐻𝑡
∗ 𝑉(𝑦̅∗) 𝑉( 𝐻𝑡

∗) 𝑦̅∗𝑚 𝐻𝑡
∗𝑚 𝑉(𝑦̅∗𝑚) 𝑉( 𝐻𝑡

∗𝑚) 

𝑊2 = 0.25  

𝑡 𝛼2 = 0.15 

1 3171.18 3027.44 3475.88 8.68797 3171.05 3027.40 3477.54 8.69212 

2 2989.08 3018.34 3475.88 16.53052 2989.25 3018.31 3477.54 16.53841 
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3 3068.45 3022.30 3475.88 23.60842 3068.48 3022.27 3477.54 23.61969 

 𝛼2 = 0.50 

4 3171.18 3095.52 3475.88 868.80 3171.05 3095.44 3477.54 869.21 

5 2989.08 3004.48 3475.88 1086.08 2989.25 3004.55 3477.54 1086.60 

6 3068.45 3044.16 3475.88 1140.41 3068.48 3044.16 3477.54 1140.95 

 𝛼2 = 0.9999 ≅ 1.0 

1 3171.18 3171.01 3475.88 3468.24 3171.05 3170.89 3477.54 3469.90 

2 2989.08 2989.11 3475.88 3468.25 2989.25 2989.29 3477.54 3469.90 

3 3068.45 3068.40 3475.88 3468.25 3068.48 3068.43 3477.54 3469.90 

𝑊2 = 0.15   

𝑡 𝛼2 = 0.15 

1 3141.73 3025.97 2958.58 7.39497 3141.74 3025.93 2961.10 7.40 

2 2947.00 3016.23 2958.58 14.07033 2947.06 3016.20 2961.10 14.08 

3 3023.08 3020.03 2958.58 20.09484 3023.02 3019.99 2961.10 20.11 

 𝛼2 = 0.50 

4 3141.73 3080.79 2958.58 739.50 3141.74 3080.78 2961.10 740.13 

5 2947.00 2983.44 2958.58 924.44 2947.06 2983.45 2961.10 925.23 

6 3023.08 3021.47 2958.58 970.68 3023.02 3021.43 2961.10 971.51 

 𝛼2 = 0.9999 ≅ 1.0 

1 3141.73 3141.59 2958.58 2952.07 3141.74 3141.61 2961.10 2954.59 

2 2947.00 2947.08 2958.58 2952.08 2947.06 2947.14 2961.10 2954.59 

3 3023.08 3023.07 2958.58 2952.08 3023.02 3023.02 2961.10 2954.59 

 

8 CONCLUSIONS   

In many practical surveys, non-response and measurement errors occur simultaneously, particularly when data are 
collected repeatedly over time. Such errors can substantially reduce the precision of conventional estimators. To 
address this problem, this study proposes a hybrid exponentially weighted moving average (HEWMA)-based estimator 
for estimating the population mean in time-based surveys. The proposed estimator effectively combines information 
from the current and previous survey occasions, thereby improving estimation efficiency. 

Theoretical investigations establish that the proposed estimator is more efficient than the existing Hansen–Hurwitz 
estimator under appropriate conditions. The simulation study and the real data application further support these 
findings. In both cases, the proposed estimator consistently produces a smaller variance than the existing estimator. 
The results also indicate that incorporating historical survey information improves estimation efficiency. Furthermore, 
the simultaneous presence of non-response and measurement errors leads to a higher variance than when only non-
response is present. This highlights the additional variability introduced by measurement errors and emphasizes the 
importance of accounting for both sources of error. Moreover, the variance decreases as the non-response rate becomes 
smaller. When the smoothing parameters satisfy (𝛼1 = 1) and (𝛼2 = 1), the proposed estimator reduces to the Hansen–
Hurwitz estimator, confirming it as a generalized form of the classical estimator. Therefore, it offers a unified estimation 
framework for complete-response surveys and for surveys affected by non-response, measurement errors, or both. 

The proposed estimator is developed under simple random sampling without replacement for homogeneous 
populations. Future research may extend this framework to other probability sampling designs, including stratified, 
cluster, and systematic sampling. The proposed approach may also be adapted for estimating other finite population 
parameters in the presence of non-response and measurement errors in time-based surveys. 
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