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ABSTRACT 

Malaria and typhoid fever are important causes of febrile illness in sub-Saharan Africa, where overlapping clinical 
manifestations complicate diagnosis, treatment and disease control. This study integrates diagnostic evaluation, 
mathematical modelling, optimal control and cost-effectiveness analysis to examine malaria–typhoid co-infection in Idah 
population settings, Kogi State, Nigeria. A diagnostic dataset of 1,000 febrile patients was analysed using expert 
microscopy/PCR as the malaria reference standard and blood culture with compatible clinical presentation as the 
typhoid reference standard. Malaria prevalence was 42% and typhoid prevalence was 18%. Malaria RDT recorded 
94.05% sensitivity, 91.03% specificity and 92.30% accuracy, while microscopy recorded 90.00%, 97.07% and 94.10%, 
respectively. For typhoid, Widal test sensitivity, specificity and accuracy were 76.11%, 68.05% and 69.50%; 
corresponding values for blood culture were 65.00%, 99.02% and 92.90%, and stool culture 57.78%, 98.05% and 
90.80%. A deterministic malaria–typhoid co-infection model incorporating environmental transmission and diagnostic 
error was formulated. Five controls—vector control, improved malaria diagnosis, improved typhoid diagnosis, 
treatment and environmental sanitation—were evaluated using Pontryagin’s Maximum Principle and fourth-order 
Runge–Kutta simulation over 365 days. Among the fixed intervention strategies, the combined application of all five 
controls was the most cost-effective, with an incremental cost-effectiveness ratio of approximately ₦426.45 per 
additional burden unit averted and 610,904.77 burden units averted. The numerical optimal-control strategy achieved 
570,056.79 burden units averted at an estimated annual cost of ₦1.106 billion and was cost-saving relative to the 
diagnosis-plus-treatment strategy. The findings support integrated diagnostic, treatment, vector and environmental 
interventions as an economically efficient approach to controlling malaria–typhoid co-infection. 

Keywords: Malaria; Typhoid Fever; Co-Infection; Diagnostic Accuracy; Optimal Control; Cost-Effectiveness; 
Mathematical Modelling; Idah 

1 INTRODUCTION 

Malaria and typhoid fever remain important causes of febrile illness in sub-Saharan Africa, where their geographical and 
clinical overlap may complicate diagnosis and treatment. Malaria, caused by Plasmodium parasites and transmitted 
mainly by infected female Anopheles mosquitoes, continues to account for a substantial proportion of the global malaria 
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burden, with the African Region carrying most cases and deaths (World Health Organization [WHO], 2025a). Typhoid 
fever, caused by Salmonella enterica serovar Typhi, is primarily transmitted through contaminated food and water and 
is strongly associated with inadequate sanitation, unsafe water and poor hygiene (WHO, 2023). In communities where 
both infections occur, patients may present with similar symptoms, increasing the likelihood of diagnostic uncertainty, 
inappropriate treatment and delayed management. 

Reliable laboratory diagnosis is therefore important for effective disease control. WHO recommends parasite-based 
confirmation of suspected malaria using microscopy or rapid diagnostic tests (RDTs), particularly where clinical 
symptoms alone cannot reliably distinguish malaria from other febrile illnesses (WHO, 2025b). Although RDTs provide 
rapid diagnosis, microscopy can offer greater specificity and information on parasite density. For typhoid fever, blood 
culture remains an important confirmatory method, although its sensitivity may be reduced by prior antibiotic use, low-
level bacteraemia and other clinical and laboratory factors (Antillon et al., 2018). The Widal test remains widely used in 
many resource-limited settings, but its diagnostic reliability is affected by previous exposure, background antibody titres 
and cross-reactivity. Evidence from endemic settings has demonstrated considerable limitations and variability in the 
diagnostic performance of the Widal test, including relatively poor specificity and positive predictive value (Muhie et al., 
2023). 

The simultaneous occurrence of malaria and typhoid fever presents an additional challenge because co-infected patients 
may require different diagnostic and therapeutic considerations. Evidence from Nigerian populations indicates that 
malaria–typhoid co-infection remains a relevant clinical problem (Olowolafe et al., 2024). Mathematical modelling 
provides a useful framework for examining such interacting infections because it permits the transmission processes, 
disease progression and intervention effects to be investigated simultaneously. Recent malaria–typhoid models have 
incorporated environmental transmission and co-infection compartments, highlighting the importance of considering 
the distinct transmission mechanisms of the two diseases (Abah et al., 2025; Uyi-Osagie et al., 2026). 

Optimal-control modelling extends this approach by determining how intervention intensity can be varied over time to 
reduce disease burden while accounting for intervention costs. Previous studies have demonstrated the usefulness of 
optimal-control and cost-effectiveness methods for comparing malaria interventions, including vector control and 
treatment (Siva and Torres (2013)). However, relatively few studies have jointly incorporated diagnostic accuracy, 
malaria transmission, environmental typhoid transmission, co-infection, intervention controls and economic 
considerations within a single framework. 

This study addresses this gap by integrating diagnostic evaluation with a deterministic malaria–typhoid co-infection 
model for Idah population settings, Kogi State, Nigeria. The study evaluates malaria RDT, microscopy, Widal test, blood 
culture and stool culture using a diagnostic dataset of 1,000 febrile patients. It then formulates an optimal-control model 
incorporating vector control, improved malaria diagnosis, improved typhoid diagnosis, treatment and environmental 
sanitation. Pontryagin’s Maximum Principle is used to derive the optimality system, while numerical simulation is 
employed to compare single and combined control strategies. Cost-effectiveness analysis is subsequently used to identify 
strategies that provide substantial reductions in malaria, typhoid and co-infection burden at comparatively reasonable 
intervention costs. The study is intended to provide a quantitative basis for selecting integrated and sustainable control 
strategies for malaria–typhoid co-infection in endemic population settings. 

2 MATERIAL AND METHODS 

2.1 Study Design and Population 

This study employed an integrated diagnostic, mathematical-modelling and cost-effectiveness design. The diagnostic 
component used a dataset of 1,000 febrile patients in Idah population settings, Kogi State, Nigeria. Participants were 
aged 1–70 years and presented with febrile illness suggestive of malaria and/or typhoid fever. The mathematical 
component linked the diagnostic findings with epidemiological and intervention parameters to investigate malaria–
typhoid co-infection dynamics and identify optimal control strategies. 

2.2 Diagnostic Dataset and Performance Measures 

For malaria, expert microscopy/polymerase chain reaction (PCR) was treated as the reference standard. Estimated 
malaria prevalence was 42% (420 positive; 580 negative). The evaluated methods were HRP2-based rapid diagnostic 
test (RDT) and microscopy. For typhoid fever, positive blood culture with compatible clinical presentation was used as 
the reference standard. Estimated prevalence was 18% (180 positive; 820 negative), and the evaluated methods were 
Widal test, blood culture and stool culture. 

Sensitivity, specificity, positive predictive value (PPV), negative predictive value (NPV) and accuracy were calculated 
from true-positive (TP), false-positive (FP), true-negative (TN) and false-negative (FN) outcomes.  
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𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
×  100;  

𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐𝑖𝑡𝑦 =
𝑇𝑁

𝑇𝑁 + 𝐹𝑃
×  100;  

𝑃𝑃𝑉 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
×  100;  

𝑁𝑃𝑉 =
𝑇𝑁

𝑇𝑁 + 𝐹𝑁
×  100;  𝑎𝑛𝑑  

𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =  (𝑇𝑃 + 𝑇𝑁)/(𝑇𝑃 + 𝐹𝑃 + 𝑇𝑁 + 𝐹𝑁) ×  100. 

The summary of these measures are given in Table. 

Table 1: Sensitivity, specificity, positive predictive value (PPV), negative predictive value (NPV) and accuracy 

Test TP FP TN FN Sens. Spec. Accuracy 

Malaria RDT 395 52 528 25 94.05 91.03 92.30 

Microscopy 378 17 563 42 90.00 97.07 94.10 

Widal 137 262 558 43 76.11 68.05 69.50 

Blood culture 117 8 812 63 65.00 99.02 92.90 

Stool culture 104 16 804 76 57.78 98.05 90.80 

2.3 Mathematical Model 

A deterministic compartmental model was formulated for malaria–typhoid co-infection. The human population was 
divided into susceptible, malaria-exposed, malaria-infectious, typhoid-exposed, typhoid-infectious, co-infected and 
recovered classes, denoted by 𝑆ℎ , 𝐸𝑚, 𝐼𝑚 , 𝐸𝑡 , 𝐼𝑡 , 𝐼𝑐  𝑎𝑛𝑑 𝑅ℎ. The mosquito population comprised susceptible, exposed and 
infectious classes 𝑆𝑣 , 𝐸𝑣 𝑎𝑛𝑑 𝐼𝑣while environmental Salmonella contamination was represented by 𝐵. Thus, 𝑁ₕ = 𝑆ℎ +
𝐸𝑚 + 𝐼𝑚 + 𝐸𝑡 , +𝐼𝑡 + 𝐼𝑐 + 𝑅ℎ and 𝑁ᵥ =  𝑆𝑣 + 𝐸𝑣 + 𝐼𝑣 

The controlled human system is written as 

system is written as 

             
𝑑𝑆ℎ
𝑑𝑡

= Ʌℎ − (𝜆𝑚 + 𝜆𝑡 + 𝜇ℎ)𝑆ℎ +𝜔𝑅ℎ                              

                                           
𝑑𝐸𝑚
𝑑𝑡

= 𝜆𝑚𝑆ℎ − (𝜎𝑚 + 𝜇ℎ)𝐸𝑚                                                                         

𝑑𝐼𝑚
𝑑𝑡

= 𝜎𝑚𝐸𝑚 − (𝜏𝑚
" + 𝜇ℎ + 𝛿𝑚)𝐼𝑚 − 𝜙𝜆𝑡𝐼𝑚

𝑑𝐸𝑡
𝑑𝑡

= 𝜆𝑡𝑆ℎ + 𝜙𝜆𝑡𝐼𝑚 − (𝜎𝑡 + 𝜇ℎ)𝐸𝑡                 

𝑑𝐼𝑡
𝑑𝑡

= 𝜎𝑡𝐸𝑡 − (𝜏𝑡
" + 𝜇ℎ + 𝛿𝑡)𝐼𝑡 − 𝜆𝑡𝐼𝑡              

𝑑𝐼𝑐
𝑑𝑡

= 𝜆𝑡𝐼𝑡 + 𝜙𝜆𝑡𝐼𝑚 − (𝜏𝑐
" + 𝜇ℎ + 𝛿𝑐)𝐼𝑐    

𝑑𝑅ℎ
𝑑𝑡

= 𝜏𝑚
" 𝐼𝑚 + 𝜏𝑡

"𝐼𝑡 + 𝜏𝑐
"𝐼𝑐 − (𝜔 + 𝜇ℎ)𝑅ℎ }

 
 
 
 
 
 
 

 
 
 
 
 
 
 

(𝟐. 𝟏) 

The malaria transmission 𝜆𝑚 =
(1−𝑢1)𝛼𝛽𝑚𝐼𝑣

𝑁ℎ
, where βₘ is the malaria transmission coefficient and 𝛼 is the mosquito biting 

rate. 

The mosquito controlled system is written as 
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𝑑𝑆𝑣
𝑑𝑡

= Ʌ𝑣(𝑡) − (1 − 𝑢1)𝜆𝑣𝑆𝑣 − 𝜇𝑣𝑆𝑣

𝑑𝐸𝑣
𝑑𝑡

= (1 − 𝑢1)𝜆𝑣𝑆𝑣 − (𝜎𝑣 + 𝜇𝑣)𝐸𝑣

         
𝑑𝐼𝑣
𝑑𝑡

= 𝜎𝑣𝐸𝑣 − 𝜇𝑣𝐼𝑣                                          }
 
 

 
 

(𝟐. 𝟐) 

Where mosquito infection 𝜆𝑣 =
(1−𝑢1)𝛽𝑣(𝐼𝑚+𝜂𝐼𝑐)

𝑁ℎ
 

The seasonal recruitment is Ʌ𝑣(𝑡) = Ʌ0(1 + 𝜀𝑐𝑜𝑠
2𝜋𝑡

365
) 

The controlled environmental salmonella is written as  

𝑑𝐵

𝑑𝑡
= 𝜌1𝐼𝑡 + 𝜌2𝐼𝑐 − (𝜎𝑏 + 𝑘𝑢5)𝐵     }  (𝟐. 𝟑), 

 𝑘 measures the effectiveness of sanitation. 

The typhoid transmission 𝜆𝑡 =
(1−𝑢5)𝛽𝑡𝐵

𝐾+𝐵
,  where βₜ is the environmental transmission coefficient and 𝐾  is the half-

saturation constant. 

2.4 Control Variables and Optimal-Control Problem 

Five time-dependent controls were considered: 𝑢₁(𝑡),  vector control; 𝑢₂(𝑡) , improved malaria diagnosis; 𝑢₃(𝑡), 
improved typhoid diagnosis; 𝑢₄(𝑡), prompt and effective treatment; and 𝑢₅(𝑡), environmental sanitation. Each control 
satisfies 0 ≤ 𝑢ᵢ(𝑡) ≤ 1 . The objective was to minimise the combined epidemiological burden, diagnostic error and 
intervention costs over 365 days: 

The objective functional is written as 

𝐽(𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5) = ∫ [𝐴1𝐼𝑚 + 𝐴2𝐼𝑡 + 𝐴3𝐼𝐶 + 𝐴4𝐵 + 𝐴5𝐹𝑃 + 𝐴6𝐹𝑁 + 𝐴7𝐷𝑇 +
1

2
(𝐵1𝑢1 + 𝐵2𝑢2 + 𝐵3𝑢3 + 𝐵4𝑢4 +

𝑇

0

𝐵5𝑢5)]𝑑𝑡} (𝟑. 𝟒)  

𝑤ℎ𝑒𝑟𝑒 𝐴1 − 𝐴7 weight the societal costs of infections, contamination, diagnostic errors and delayed treatment and 𝐵1 −
𝐵5 weight the implementation costs of each intervention. 

2.5 Optimality System and Numerical Solution 

Pontryagin’s Maximum Principle was used to derive the necessary optimality conditions. Let the adjoint variables 
corresponding to (𝑆ℎ , 𝐸𝑚, 𝐼𝑚 , 𝐸𝑡 , 𝐼𝑡 , 𝐼𝑐 , 𝑅ℎ, 𝑆𝑣 , 𝐸𝑣 , 𝐼𝑣 , 𝐵) be (𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5, 𝜆6, 𝜆7, 𝜆8, 𝜆9, 𝜆10, 𝜆11). 

 The Hamiltonian 𝐻 = 𝐿(𝑋, 𝑢, 𝑡) + 𝜆ᵀ𝐹(𝑋, 𝑢, 𝑡), is given by 

𝐻 = 𝐴1𝐼𝑚 + 𝐴2𝐼𝑡 + 𝐴3𝐼𝐶 + 𝐴4𝐵 + 𝐴5𝐹𝑃 + 𝐴6𝐹𝑁 + 𝐴7𝐷𝑇 +
1

2
(𝐵1𝑢1 + 𝐵2𝑢2 + 𝐵3𝑢3 + 𝐵4𝑢4 + 𝐵5𝑢5) + 𝜆1

𝑑𝑆ℎ

𝑑𝑡

+ 𝜆2
𝑑𝑆𝐸𝑚

𝑑𝑡
+𝜆3

𝑑𝐸𝑚

𝑑𝑡
+ 𝜆

4

𝑑𝐸𝑡

𝑑𝑡
+ 𝜆5

𝑑𝐼𝑡

𝑑𝑡
+ 𝜆6

𝑑𝐼𝑐

𝑑𝑡
+ 𝜆7

𝑑𝑅ℎ

𝑑𝑡
+ 𝜆8

𝑑𝑆𝑣

𝑑𝑡
+ 𝜆9

𝑑𝐸𝑣

𝑑𝑡
+ 𝜆10

𝑑𝐼𝑣

𝑑𝑡

+ 𝜆11
𝑑𝐵

𝑑𝑡
}     (𝟑. 𝟓) 

According to Pontryagin’s Maximum Principle, 

𝑑𝜆𝑖
𝑑𝑡

= −
𝜕𝐻

𝜕𝑥𝑖
, 

Where  𝑥𝑖 = (𝑆ℎ, 𝐸𝑚 , 𝐼𝑚 , 𝐸𝑡 , 𝐼𝑡 , 𝐼𝑐 , 𝑅ℎ, 𝑆𝑣 , 𝐸𝑣 , 𝐼𝑣 , 𝐵). 

Therefore, the adjoint equations were derived as follows. 
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𝑑𝜆1
𝑑𝑡

= −
𝜕𝐻

𝜕𝑆ℎ
𝑑𝜆2
𝑑𝑡

= −
𝜕𝐻

𝜕𝐸𝑚
= (𝜎𝑚 + 𝜇ℎ)𝜆2 − 𝛿𝑚𝜆3

𝑑𝜆3
𝑑𝑡

= −𝐴1 + 𝜆3(𝜏𝑚
" + 𝜇ℎ + 𝛿𝑚 + 𝜙𝜆𝑡) − 𝜆6𝜙𝜆𝑡 − 𝜆7𝜏𝑚

" − 𝜆9
𝜕𝜆𝑣
𝜕𝐼𝑚

𝑆𝑣 +⋯

𝑑𝜆4
𝑑𝑡

= 𝜆4(𝜇ℎ + 𝛿𝑡) − 𝛿𝑡𝜆5

𝑑𝜆5
𝑑𝑡

= −𝐴2 + 𝜆5(𝜏𝑡
" + 𝜇ℎ + 𝛿𝑡 − 𝜆𝑚) − 𝜆6𝜆𝑚 − 𝜆7𝜏𝑡

" − 𝜌1𝜆11+⋯

𝑑𝜆6
𝑑𝑡

= −𝐴3 + 𝜆6(𝜏𝑐
" + 𝜇ℎ + 𝛿𝑐) − 𝜆7𝜏𝑐

" − 𝜂𝜆9
𝛽𝑣𝑆𝑣
𝑁ℎ

− 𝜌2𝜆11+⋯

𝑑𝜆7
𝑑𝑡

= −(𝜔 + 𝜇ℎ)𝜆7 +𝜔𝜆11

𝑑𝜆8
𝑑𝑡

= (1 − 𝑢1)𝜆𝑣(𝜆8 − 𝜆9) + 𝜇𝑣𝜆8

𝑑𝜆9
𝑑𝑡

= (𝜎𝑣 + 𝜇𝑣)𝜆9 − 𝜎𝑣𝜆10

𝑑𝜆10
𝑑𝑡

= (𝜆1 − 𝜆2)
(1 − 𝑢1)𝛼𝛽𝑚𝑆ℎ

𝑁ℎ
+ 𝜇𝑣𝜆10

𝑑𝜆11
𝑑𝑡

= −𝐴4 + 𝜆1
𝜕𝜆𝑡
𝜕𝐵

𝑆ℎ + 𝜆4
𝜕𝜆𝑡
𝜕𝐵

𝑆ℎ + (𝜎𝑏 + 𝑘𝑢5)𝜆11 }
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

(𝟑. 𝟔) 

Transversality conditions are given as 

𝜆𝑖(𝑇) = 0, 𝑖 = 1,… , 11} (𝟑. 𝟕) 

The optimal controls satisfy 

𝜕𝐻

𝜕𝑢𝑖
= 0 

𝑢1
∗ = min {1,max (0,

𝜑1
𝐵1
)} , 𝜑1 = (𝜆8 − 𝜆9)𝜆𝑣𝑆𝑣 + (𝜆1 − 𝜆2)𝜆𝑚𝑆ℎ

𝑢2
∗ = min {1,max (0,

𝜑2
𝐵2
)} , 𝜑2 =

𝜕𝐻

𝜕𝑆𝑒𝑚
𝜔1 +

𝜕𝐻

𝜕𝑆𝑝𝑚
𝜔2

𝑢3
∗ = min {1,max (0,

𝜑3
𝐵3
)} ,

𝑢4
∗ = min {1,max (0,

𝜔5𝜆3𝐼𝑚 + 𝜔6𝜆5𝐼𝑡 + 𝜔7𝜆6𝐼𝑐
𝐵4

)} ,

𝑢5
∗ = min {1,max (0,

𝑘𝛽𝜆11
𝐵5

)}
}
 
 
 
 
 

 
 
 
 
 

 (𝟑. 𝟖) 

The state and adjoint equations were solved iteratively using a fourth-order Runge–Kutta (RK4) forward–backward 
procedure until convergence. For numerical solution, we used the parameter values in the following tables.  

2.6 Cost-Effectiveness Analysis 

Alternative single and combined strategies were compared using total intervention cost and integrated disease burden 
averted. The incremental cost-effectiveness ratio (ICER) was calculated as 𝐼𝐶𝐸𝑅ᵢ = (𝐶ᵢ − 𝐶ᵢ₋₁)/(𝐸ᵢ − 𝐸ᵢ₋₁),  where C 
denotes cost and E denotes epidemiological benefit. Dominated strategies—those costing more while producing less 
benefit—were excluded before ICER comparison. The fixed-strategy analysis identified the combined use of all five 
controls as the most cost-effective strategy, with an ICER of approximately ₦426.45 per additional burden unit averted. 

2.7 Control Strategies Evaluated 

The numerical simulations compared no control with individual and combined interventions. The principal strategies 
were: (i) no control; (ii) vector control; (iii) improved malaria diagnosis; (iv) improved typhoid diagnosis; (v) treatment; 
(vi) sanitation; (vii) vector control plus treatment; (viii) vector control plus sanitation; (ix) diagnosis plus treatment; (x) 
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vector control plus diagnosis plus treatment; (xi) vector control plus diagnosis plus sanitation; and (xii) all five controls. 
This design permits comparison of the epidemiological and economic effects of increasing intervention intensity. 

2.8 Simulation Outputs 

The principal outcomes were the numbers of malaria-infectious individuals, typhoid-infectious individuals, malaria–
typhoid co-infected individuals and the total infectious population. These were reported as actual numbers of persons 
rather than population proportions. The model trajectories were generated over 365 days for each control combination, 
allowing direct comparison of the timing and magnitude of intervention effects. 

2.9 Reproducibility and Interpretation of Scales 

The diagnostic analysis and transmission model represent two related but distinct scales. The diagnostic component 
comprises the supplied 1,000-patient dataset and is used to quantify diagnostic performance and diagnostic error. The 
dynamic model represents an estimated Idah population of 100,000 persons.  

2.10 Decision Rule for Cost-Effectiveness 

Cost-effectiveness was assessed after ordering feasible strategies by increasing effectiveness and removing strictly 
dominated alternatives. Incremental costs were then compared with incremental burden averted. A lower ICER indicates 
a more favourable additional cost per unit of epidemiological benefit. The analysis therefore distinguishes the strategy 
that produces the greatest epidemiological reduction from the strategy that provides the most favourable incremental 
economic value. 

3 RESULTS  

3.1 Diagnostic Performance of Malaria and Typhoid Tests 

The diagnostic analysis of the 1,000 febrile patients demonstrated appreciable differences among the evaluated 
methods. For malaria, the HRP2-based rapid diagnostic test (RDT) identified 395 of the 420 reference-standard positive 
cases and 528 of 580 reference-standard negative cases, achieving 94.05% sensitivity, 91.03% specificity and 92.30% 
accuracy. Microscopy detected 378 positive cases and correctly classified 563 negative cases, giving 90.00% sensitivity, 
97.07% specificity and 94.10% accuracy. Thus, RDT provided higher sensitivity, whereas microscopy provided higher 
specificity and overall accuracy. 

For typhoid fever, the Widal test produced 137 true-positive and 262 false-positive results, corresponding to 76.11% 
sensitivity, 68.05% specificity and 69.50% accuracy. Blood culture produced only 8 false-positive results and achieved 
99.02% specificity and 92.90% accuracy, although sensitivity was 65.00%. Stool culture also demonstrated high 
specificity (98.05%) but lower sensitivity (57.78%). The high false-positive rate of Widal testing could therefore lead to 
unnecessary treatment of patients without confirmed typhoid fever. 

These findings are epidemiologically important because false-positive and false-negative classifications influence the 
transmission model through inappropriate treatment, delayed treatment and intervention costs. The relatively high 
sensitivity of malaria RDT makes it useful for rapid case detection, whereas microscopy provides a confirmatory 
advantage through greater specificity. For typhoid fever, the higher specificity of culture-based methods supports their 
use where laboratory capacity permits. 

3.2 Numerical Simulation of Malaria–Typhoid Co-Infection 

The numerical solution of the optimality system demonstrated clear differences among intervention strategies over the 
365-day simulation period. Trajectories were expressed as actual numbers of persons rather than population 
proportions, using the 100,000-person model population. The no-control scenario provided the baseline. Without 
intervention, malaria, typhoid and co-infection persisted because transmission through mosquitoes and environmental 
contamination continued. Individual controls reduced disease burden to varying degrees, while combined interventions 
generally produced greater reductions in infectious and co-infected populations. 

This result is epidemiologically plausible because malaria and typhoid have different principal transmission pathways. 
Vector control primarily affects malaria transmission, whereas sanitation acts principally through reduction of 
environmental Salmonella contamination. Diagnosis and treatment influence infectious duration and the consequences 
of diagnostic error and therefore complement transmission-oriented interventions. 
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3.3 Effect of Control Strategies on Co-Infection 

 

Figure 1: Numerical simulation of the malaria–typhoid co-infected population under alternative control 
strategies. 

Figure 1 presents the malaria–typhoid co-infected population under alternative control strategies. The co-infected 
population declined more rapidly when interventions were combined than when individual controls were used. The 
strongest reductions were associated with strategies incorporating several complementary controls. Controlling only 
one infection does not necessarily eliminate conditions supporting the other; hence vector control alone cannot 
adequately address environmental typhoid transmission, while sanitation alone cannot sufficiently suppress mosquito-
borne malaria. 

The importance of combined intervention is consistent with previous malaria optimal-control studies showing that 
combinations of preventive and therapeutic interventions can outperform isolated strategies when their effects act 
through different transmission pathways (Silva and Torres (2013)). 

3.4 Effect on the Total Infectious Population 

 

Figure 2: Numerical simulation of the total infectious population under alternative control strategies. 

Figure 2 shows the simulated total infectious population, defined as malaria-infectious, typhoid-infectious and co-
infected individuals. The no-control trajectory maintained the greatest infectious burden, whereas combined control 
strategies generated progressively greater reductions. Treatment reduced infectious duration; improved diagnosis 
increased the likelihood of appropriate treatment while reducing unnecessary treatment; vector control reduced new 
malaria infections; and sanitation reduced environmental typhoid transmission. 

The combined effect is important because reducing one infectious class can indirectly reduce the population entering 
the co-infected class. Interventions should therefore be evaluated not only according to their direct effect on one disease 
compartment but also according to their indirect effects on co-infection and the wider infectious population. 
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3.5 Malaria and Typhoid Infectious Populations 

 

Figure 3: Numerical simulation of the malaria-infectious population under alternative control strategies. 

Figure 3 presents malaria-infectious individuals under the alternative strategies. Strategies containing vector control 
produced pronounced reductions in malaria transmission because they directly reduce mosquito-mediated infection. 
Diagnosis and treatment further reduced the infectious pool by identifying and treating cases. 

 

Figure 4: Numerical simulation of the typhoid-infectious population under alternative control strategies. 

Figure 4 presents the corresponding typhoid-infectious population. The trajectories demonstrate the importance of 
sanitation and appropriate diagnosis and treatment. Because the model incorporates environmental Salmonella 
contamination, sanitation reduces transmission by reducing the environmental reservoir from which new infections 
arise. The different responses reinforce the rationale for integrated control: mosquito control alone cannot adequately 
address environmental typhoid transmission, while sanitation alone cannot sufficiently control malaria. 

3.6 Comparison of Control Strategies 

Twelve strategies were simulated: (1) no control; (2) vector control; (3) improved malaria diagnosis; (4) improved 
typhoid diagnosis; (5) treatment; (6) sanitation; (7) vector control + treatment; (8) vector control + sanitation; (9) 
diagnosis + treatment; (10) vector control + diagnosis + treatment; (11) vector control + diagnosis + sanitation; and (12) 
all five controls. 

Strategies involving multiple complementary controls were more effective than most single-control strategies. In 
particular, the all-five-control strategy simultaneously addressed mosquito transmission, diagnostic error, infectious 
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duration and environmental contamination. The result also demonstrates that diagnosis should not be considered 
separately from treatment: improved diagnosis without adequate treatment capacity may identify cases without 
sufficiently reducing infectious duration, while treatment without reliable diagnosis may result in unnecessary 
medication and continued diagnostic error. 

Table 2: Estimated Disease Burden Weights 

Parameter  interpretation Estimated value 

A1 Cost of one malaria case 50 

A2 Cost of one typhoid case 70 

A3 Cost of one typhoid-malaria case 150 

A4 Environmental salmonella concentration 20 

A5 False positive diagnosis 30 

A6 False negative diagnosis 120 

A7 Delayed treatment 100 

 

Table 3: Estimated Intervention Cost Weights 

Parameter  interpretation Estimated value 

B1 Vector control 600 

B2 Malaria diagnosis (RDT & Microscopy) 300 

B3 Typhoid diagnosis (Widal, stool and blood cultures) 700 

B4 Treatment 450 

B5 Environmental Sanitation 800 

 

Table 4: Human Demographic and Epidemiological Parameters used in Malaria-Typhoid Co-infection Model 

Symbol Description Baseline 
value 

Unit  Source  

Ʌℎ  Human recruitment rate 20 Persons 
𝑑𝑎𝑦−1 

Assumed from demographic 
equilibrium 

𝜇ℎ 𝑁𝑎𝑡𝑢𝑟𝑎𝑙 ℎ𝑢𝑚𝑎𝑛 𝑚𝑜𝑟𝑡𝑎𝑙𝑖𝑡𝑦 𝑟𝑎𝑡𝑒 4.6 × 10−5 𝑑𝑎𝑦−1 WHO (2024); World Bank 
(Life expectancy ≈ 60 

𝛽𝑚 Malaria transmission probability per 
infectious mosquito bite 

0.32 𝑑𝑎𝑦−1 Chitnis et al (2008); Smith et 
al (2012) 

𝛼 Mosquito biting rate 0.30 Bite mosquito-

1  

𝑑𝑎𝑦−1 

Smith et al (2012); WHO 
(2024) 

𝜎𝑚 Progression rate from exposed to infectious 
malaria 

0.143 𝑑𝑎𝑦−1 Incubation period of 7 days; 
WHO (2024) 

𝜏𝑚
"  Malaria treatment rate 0.20 𝑑𝑎𝑦−1 Estimated from Nigerian 

seeking behavior; WHO 
(2024) 

𝛿𝑚 Malaria induced mortality rate 0.0010 𝑑𝑎𝑦−1 WHO (2024) 

𝜔 Loss of acquired immunity 0.0027 𝑑𝑎𝑦−1 Chitnis et al (2008) 

𝛽𝑡  Typhoid transmission coefficient 0.28 𝑑𝑎𝑦−1 Calibrated  
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𝜎𝑡  Progression rate from exposed to infectious 
typhoid 

0.071 𝑑𝑎𝑦−1 Incubation period of 14 days; 
WHO (2023) 

𝜏𝑡
" Typhoid treatment rate 0.143 𝑑𝑎𝑦−1 Average treatment delay ≈

7 𝑑𝑎𝑦𝑠 

𝛿𝑡 Typhoid induced mortality rate 0.0010 𝑑𝑎𝑦−1 WHO (2023) 

𝜏𝑐
"  Treatment rate of malaria-typhoid co-

infected individual 
0.0008 𝑑𝑎𝑦−1 WHO (2023) 

𝜙 Increased susceptibility to typhoid among 
malaria infected individuals 

1.50 dimensionless Estimated from 
immunological interaction 
studies 

𝛿𝑐 Disease-induced mortality rate due to co-
infection 

0.0030 𝑑𝑎𝑦−1 Assumed 

Ω Relative infectiousness of co-infected 
humans to mosquitoes 

1.20 dimensionless Assumed sensitivity analysis 

𝜌 Recovery rate after successful treatment 0.143 𝑑𝑎𝑦−1 WHO (2024) 

𝑁ℎ(0) Initial Human Population 100,000 Persons  Idah LGA Population 
estimate. National 
Population Commission 

 

Table 5: Mosquito Population and Environmental Salmonella Parameters 

Symbol  Description  Baseline 
value  

Unit  Source  

Ʌ𝑣 Mosquito recruitment rate 150 Mosquitoes  
𝑑𝑎𝑦−1 

Chitnis et al (2008) 

𝜇𝑣 Natural mosquito mortality rate 0.071 𝑑𝑎𝑦−1 WHO (2024); average life 
span ≈≈ 14 𝑑𝑎𝑦𝑠 

𝛽𝑣 Probability that a susceptible mosquito 
becomes infected after biting an infectious 
human 

0.25 𝑑𝑎𝑦−1 Chitnis et al (2008); 
Chitnis et al. (2012) 

𝜎𝑣 Mosquito incubation rate 0.100 𝑑𝑎𝑦−1 WHO (2024); extrinsic 
incubation rate ≈
10 𝑑𝑎𝑦𝑠 

𝛼 Mosquito biting rate 0.30 Bite mosquito-

1  

𝑑𝑎𝑦−1 

Chitnis et al. (2012) 

𝜖 Seasonal mosquito recruitment amplitude 0.35 dimensionless Estimated from Nigerian 
rainfall seasonality 

Ʌ0 Average mosquito recruitment 150 mosquitoes-1  

𝑑𝑎𝑦−1 

calibrated 

𝑁𝑣(0) Initial mosquito population 50,000 mosquitoes Assumed for simulation 

𝜌1 Salmonella shedding rate from infectious 
typhoid patients 

8.0 𝐶𝐹𝑈𝐿−1𝑑𝑎𝑦−1 Assumed 

 

𝜌2 Salmonella shedding rate from infectious 
malaria-typhoid co-infected patients 

12.0 𝐶𝐹𝑈𝐿−1𝑑𝑎𝑦−1 Assumed  

𝛿𝑏 Natural decay rate of environmental 
salmonella 

0.25 𝑑𝑎𝑦−1 Assumed 
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𝐾 Half-saturation constant for environmental 
transmission 

100 𝐶𝐹𝑈𝐿−1 Brouwer et al. (2022) 

𝐵(0) Initial environmental salmonella 
concentration 

50 𝐶𝐹𝑈𝐿−1 Assumed 

𝑘 Effectiveness environmental sanitation 0.60 dimensionless Estimated WHO WASH 
intervention studies 

Ѱ Environmental concentration coefficient 0.40 𝑑𝑎𝑦−1 Estimated 

𝜀𝑏 Environmental cleaning efficiency 0.50 Dimensionless Assumed  

𝜃 Fraction of untreated patients contaminating 
the environment 

0.75 Dimensionless Estimated  

𝜔𝑏 Rate of bacterial removal due to 
chlorination/sanitation 

0.30 𝑑𝑎𝑦−1 WHO WASH Guidelines 

 

Table 6: Diagnostic Test Parameters for Malaria-Typhoid Co-infection Model 

Symbol Description  Baseline 
value 

Unit Source 

𝑆𝑒𝑅𝐷𝑇 Sensitivity of malaria Rapid Diagnostic Test 0.95 Probability WHO(2024); Okell et 
al. (2012) 

𝑆𝑝𝑅𝐷𝑇  Specificity of malaria Rapid Diagnostic Test 0.95 Probability WHO(2024);  Okell et 
al. (2012) 

𝐹𝑁𝑅𝐷𝑇 False negativity rate of malaria RDT 0.05 probability Computed  

𝐹𝑃𝑅𝐷𝑇  False positivity rate of RDT 0.05 probability computed 

𝑆𝑒𝑚𝑖𝑐  Sensitivity of malaria microscopy 0.90 probability WHO 2024, Moody 
(2002) 

𝑆𝑝𝑚𝑖𝑐  Specificity of malaria microscopy 0.98 probability WHO 2024, Moody 
(2002) 

𝐹𝑁𝑚𝑖𝑐  False negativity rate of malaria microscopy 0.10 probability computed 

𝐹𝑃𝑚𝑖𝑐  False positivity rate of microscopy 0.02 probability computed 

𝑆𝑒𝑊𝑖𝑑  Sensitivity of Widal test 0.74 probability Parry et al 2002 

𝑆𝑝𝑊𝑖𝑑  Specificity of Widal test 0.68 probability Parry et al 2002 

𝐹𝑁𝑊𝑖𝑑  False negativity rate of Widal test 0.26 probability computed 

𝐹𝑃𝑊𝑖𝑑  False positivity rate of Widal test 0.32 probability computed 

𝑆𝑒𝐵𝐶  Sensitivity of blood culture 0.61 probability Antillon etal 2018 

𝑆𝑝𝐵𝐶  Specificity of blood culture 1.00 probability  Antillon (2018) 

𝐹𝑁𝐵𝐶  False negativity rate of blood culture 0.39 probability computed 

𝐹𝑃𝐵𝐶  False positivity rate of blood culture 0.00 probability computed 

𝑆𝑒𝑆𝐶  Sensitivity of stool culture 0.45 probability  Parry et al 2002 

𝑆𝑝𝑆𝐶  Specificity of stool culture 0.98 probability WHO (2018) 

𝐹𝑁𝑆𝐶  False negative rate of stool culture 0.55 probability computed 

𝐹𝑃𝑆𝐶  False positive rate  of stool culture 0.02 probability computed 

𝜔1 Effectiveness of improved malaria diagnosis 0.15 Dimensionless  Assumed  

𝜔2 Effectiveness of improved typhoid diagnosis 0.25 Dimensionless Assumed  
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𝜔3 Effectiveness of treatment intervention 0.18 Dimensionless Assumed  

𝜔4 Effectiveness of vector-control intervention 0.20 Dimensionless Assumed  

𝜔5 Fraction of untreated infectious individuals 
contributing to environmental contamination 

0.75 Dimensionless Assumed  

𝜔6 Effectiveness of environmental sanitation 
intervention 

0.70 Dimensionless Assumed  

𝜔7  0.60   

𝑇 Simulation time horizon  365 Days  One year simulation 

𝐶𝐷 Unit cost of malaria RDT N2,000 1 Person Estimated  

𝐶𝑀 Unit cost of malaria microscopy N3,500 1 person Estimated  

𝐶𝑊 Unit cost of Widal test N2,500 1 person Estimated  

𝐶𝐵𝐶  Unit cost of blood culture N8,000 1 person Estimated  

𝐶𝑆𝐶  Unit cost of stool culture N5,000 1 person Estimated  

𝐶𝑇 Average treatment cost per malaria case N8,500 1 person Estimated  

𝐶𝑇𝑌 Average treatment cost per typhoid case N20,000 1 person Estimated  

𝐶𝐶  Average treatment cost per malaria-typhoid co-
infection  case 

N35,000 1 person Estimated  

𝐶𝑉 Annual cost of vector control per protected 
individual 

N4,500 1 person Estimated  

𝐶𝑆 Cost of environmental sanitation intervention N500,000  Estimated  

 
Table 7: Initial Conditions for Numerical Simulation of the Malaria-Typhoid Model 

Symbol Description Initial 
Value 

Unit Source  

𝑆ℎ(0) Initial Susceptible human population 95,000 persons Assumed based on a population of 
100,000 

𝐸𝑚(0) Exposed malaria individuals 500 Persons  Estimated  

𝐼𝑚 (0) Initial infectious malaria individuals 1,500 Persons  Malaria endemic setting estimated 

𝐸𝑡(0) Initial exposed typhoid individuals 300 Persons  Estimated  

𝐼𝑡(0) Initial infectious typhoid individuals 700 Persons  Estimated  

𝐼𝑐(0) Initial malaria-typhoid co-infected 
individuals 

200 Persons  Estimated  

𝑅ℎ(0) Initial recovered individuals 1,800 Persons  Estimated  

𝑁ℎ(0) Total initial human population 100,000 persons Simulation population 

𝑆𝑣(0) Initial susceptible mosquito population 45,000 Mosquitoes  Assumed 

𝐸𝑣(0) Initial exposed mosquito population 3,000 Mosquitoes Estimated  

𝐼𝑣(0) Initial infectious mosquito population 2,000 Mosquitoes  Estimated  

𝑁𝑣(0) Total mosquito population  50,000 Mosquitoes  Simulation population 

B(0) Initial environmental salmonella 
concentration  

50 𝐶𝐹𝑈𝐿−1 Estimated 

𝐹𝑃𝑚(0) Initial malaria false positive diagnoses 50 Persons  Estimated from diagnostic 
specificity  
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𝐹𝑁𝑚(0) Initial malaria false negative diagnoses 75 Persons  Estimated from diagnostic 
sensitivity 

𝐹𝑃𝑡(0) Initial typhoid false positive diagnoses 90 Persons  Estimated from diagnostic 
specificity  

𝐹𝑁𝑡(0) Initial typhoid false negative diagnoses 180 Persons  Estimated from diagnostic 
sensitivity 

MC(0) Initial missed cases 120 Persons  Estimated  

DT(0) Initial delayed treatment cases 80 Persons  Estimated  

 

Table 8: Control variables 

Control Description  Range  

𝑢1(𝑡) Vector control 0 ≤ 𝑢1 ≤ 1 

𝑢2(𝑡) Improved malaria diagnosis using RDTs and microscopy 0 ≤ 𝑢2 ≤ 1 

𝑢3(𝑡) Improved typhoid diagnosis using Widal test, blood and stool cultures 0 ≤ 𝑢3 ≤ 1 

𝑢4(𝑡) Prompt and effective treatment of malaria, typhoid and co-infected patients 0 ≤ 𝑢4 ≤ 1 

𝑢5(t) Environmental sanitation to reduce salmonella concentration 0 ≤ 𝑢5 ≤ 1 

3.7 Cost-Effectiveness Results 

The cost-effectiveness analysis demonstrated that epidemiological effectiveness alone does not determine the preferred 
intervention. Strategies were compared according to incremental cost and additional disease burden averted after 
removal of dominated alternatives. Among the fixed intervention strategies, the combined application of all five 
controls—vector control, improved malaria diagnosis, improved typhoid diagnosis, treatment and environmental 
sanitation—was identified as the most cost-effective strategy. It produced approximately 610,904.77 burden units 
averted, with an incremental cost-effectiveness ratio (ICER) of approximately ₦426.45 per additional burden unit 
averted. 

The numerical optimal-control solution produced a complementary result. By allowing control intensities to vary over 
time rather than applying all interventions at fixed maximum levels, the optimal-control strategy achieved 
approximately 570,056.79 burden units averted at an estimated annual intervention cost of approximately ₦1.106 billion 
and was cost-saving relative to the diagnosis-plus-treatment strategy. Thus, the all-five-controls strategy is the most 
cost-effective fixed strategy, whereas the optimal-control strategy represents a dynamically allocated intervention 
programme. 

4 DISCUSSION 

The findings demonstrate that malaria–typhoid co-infection should be addressed as an interacting public-health 
problem rather than as two completely independent diseases. The diagnostic analysis showed that no single test was 
optimal across all criteria. The malaria RDT provided high sensitivity, while microscopy achieved greater specificity and 
accuracy. For typhoid, culture-based methods provided substantially higher specificity than the Widal test. These 
differences have direct implications for the model because diagnostic errors can alter both estimated disease burden 
and intervention costs. 

The modelling results further demonstrate the value of combining interventions acting at different stages of 
transmission. Vector control reduces malaria transmission, sanitation reduces environmental typhoid transmission, 
diagnosis reduces uncertainty and inappropriate treatment, and effective treatment reduces infectious duration. Their 
combined application consequently produces a broader epidemiological effect than any single intervention. 

The cost-effectiveness results show that the all-five-control strategy provides favourable economic value under the 
assumptions of the model, with an ICER of approximately ₦426.45 per additional burden unit averted. The findings 
support an integrated malaria–typhoid control strategy combining accurate diagnosis, prompt treatment, vector control 
and environmental sanitation. The diagnostic dataset and dynamic model represent different scales: the former contains 
1,000 febrile patients, while the latter represents a 100,000-person estimated Idah population. Simulated trajectories 
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should therefore be interpreted as population-level projections rather than observed follow-up outcomes from the 
diagnostic cohort. 

5 CONCLUSION 

This study examined malaria–typhoid co-infection through an integrated framework combining diagnostic evaluation, 
mathematical modelling, optimal control and cost-effectiveness analysis in  Idah population setting, Kogi State, Nigeria. 
The diagnostic analysis showed substantial differences in the performance of the available tests. Malaria RDT 
demonstrated high sensitivity (94.05%), while microscopy recorded the highest specificity (97.07%) and accuracy 
(94.10%) among the malaria tests. For typhoid fever, blood culture recorded the highest specificity (99.02%) and 
accuracy (92.90%), whereas the Widal test showed comparatively poor specificity (68.05%) and the highest false-
positive burden. 

The mathematical simulations demonstrated that malaria, typhoid and co-infection can persist when transmission is left 
uncontrolled. Individual interventions reduced disease burden, but combinations of interventions produced greater 
reductions because they simultaneously addressed the different transmission pathways. Vector control was particularly 
important for malaria transmission, while environmental sanitation contributed to reducing typhoid transmission 
through the environmental reservoir. Improved diagnosis and prompt treatment further reduced the infectious 
population and complemented the preventive interventions. 

The cost-effectiveness analysis identified the combined use of all five controls—vector control, improved malaria 
diagnosis, improved typhoid diagnosis, treatment and environmental sanitation—as the most cost-effective fixed 
intervention strategy. The strategy produced approximately 610,904.77 burden units averted, with an ICER of 
approximately ₦426.45 per additional burden unit averted. The numerical optimal-control strategy, which varied 
intervention intensity over time, provided an alternative economically favourable approach, achieving approximately 
570,056.79 burden units averted at an estimated annual intervention cost of ₦1.106 billion and was cost-saving relative 
to the diagnosis-plus-treatment strategy. 

Overall, the findings indicate that malaria–typhoid co-infection requires an integrated rather than disease-specific 
response. Combining reliable diagnosis, effective treatment, vector control and environmental sanitation offers a more 
comprehensive approach to reducing transmission, co-infection and associated economic burden. The results provide 
quantitative support for strengthening integrated febrile-illness management in communities with epidemiological 
characteristics similar to Idah. 

Recommendations 

Based on the findings of the study, the following recommendations are made: 

• Integrated control should be prioritised. Malaria and typhoid control programmes should combine vector 
control, appropriate diagnosis, effective treatment and environmental sanitation rather than relying 
predominantly on a single intervention. 

• Diagnostic capacity should be strengthened. Health facilities should improve access to reliable malaria 
diagnostic methods, particularly RDTs and microscopy, while culture-based methods should be promoted for 
confirmation of suspected typhoid fever where laboratory facilities are available. 

• Reliance on Widal testing should be reduced. The comparatively high false-positive rate observed for the 
Widal test indicates that it should not be relied upon as the sole basis for confirming typhoid fever, particularly 
in endemic settings. 

• Prompt and appropriate treatment should accompany diagnosis. Improving diagnostic accuracy without 
ensuring timely access to effective treatment would limit the epidemiological benefit of improved case detection. 

• Environmental sanitation should be strengthened. Provision of safe water, proper waste disposal, improved 
sanitation facilities and hygiene education should form part of typhoid prevention programmes. 

• Vector-control interventions should be sustained. Measures that reduce mosquito exposure and 
transmission should be maintained alongside diagnostic and treatment interventions to suppress malaria 
transmission. 

• Resources should be allocated using cost-effectiveness evidence. The all-five-control strategy should be 
considered when resources permit, given its favourable ICER and substantial disease-burden reduction. Where 
resources are constrained, the optimal-control framework can assist decision-makers in varying intervention 
intensity according to epidemiological and economic priorities. 

• Further empirical studies are recommended. Prospective studies involving larger, directly observed 
populations in Idah and comparable communities should be undertaken to validate the model assumptions, 
refine intervention costs and improve the generalisability of the estimated cost-effectiveness outcomes. 
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