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Abstract 

In this study, in experiments where groups are compared based on a binary variable, the Analysis of Means (ANOM), 
Wald, and Log-Likelihood Ratio tests for proportions were compared under comprehensive experimental conditions in 
terms of type I error rate and test power. As a result of 50,000 simulations, it was observed that the type I error rate for 
ANOM stayed within the 4.00% to 6.00% range under all experimental conditions. For the LR test, the type I error rate 
was negatively affected by small sample sizes (n=10, sometimes n=20). For the Wald test, the type I error rate generally 
fell outside the 4.00%-6.00% limits and was quite irregular. In terms of test power, ANOM and the LR test were similar, 
although ANOM performed slightly better. Considering both type I error rate and test power together, ANOM was found 
to be considerably superior to the other two tests.  
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1. Introduction

In group comparisons, the ANOVA-F test is commonly employed to assess differences among independent group means 
[1,2]. However, in practice, the dependent variable is not always quantitative. This is particularly true in studies 
involving human or animal behavior, where the data often follow a binomial distribution. In such cases, it is more 
appropriate to compare groups based on proportions rather than means, rendering the use of the ANOVA-F test 
unsuitable. For proportion comparisons, Z and t-tests are widely used. Nevertheless, these tests are limited to 
comparisons between only two independent groups [3]. When there are more than two groups, the Wald and the Log-
Likelihood Ratio (LR) tests are more commonly applied [4, 5].  One alternative method suitable for such comparisons is 
the Analysis of Means (ANOM) [6]. The ANOM is a statistical hypothesis test that allows for the comparison of 
independent groups in terms of means, proportions [6], variances [7], correlation coefficients [8], and regression 
coefficients [9] and it presents the results graphically. Thanks to its graphical nature, interpreting the outcomes is 
relatively straightforward. Moreover, ANOM charts provide information about practical significance of observed 
differences. Despite its many advantages, the ANOM method remains relatively underutilized and unfamiliar to many 
researchers. Therefore, the primary objective of this study is to demonstrate the applicability of the ANOM method in 
proportion comparisons, and to evaluate and compare the performance of the ANOM, Wald, and LR tests under a variety 
of detailed conditions. 

2. Material and Methods

The material of this study consists of random numbers generated from the Bernoulli distribution using the Monte Carlo 
simulation technique. In this study, the ANOM, Wald, and LR tests were compared in terms of Type I error rate and test 
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power under varying conditions such as success probability (p), number of replications (n), number of groups (k), and 
effect size (δ). The experimental conditions considered are summarized in Table 1. Each condition was run 50,000 times. 
The Type I error rate was calculated by dividing the number of falsely rejected null hypotheses (𝐻0) by 50,000. To 
compute the test power of the tests, one of the population proportions was made different from the others at varying 
degrees (δ = 0.10, 0.15, and 0.20). Subsequently, the number of rejected null hypotheses divided by 50,000 was taken 
as the test power. The significance level was set at 5.00%. The Type I error rates of the tests were evaluated according 
to Cochran’s [10] criterion (acceptable range: 4.00%–6.00%). The simulations were conducted using code written in 
the R [11] programming language. 

Table 1 Experimental conditions considered in the study 

p 0.30, 0.50 and 0.70 

n 10, 20, 30, 40, 50, 100, 200 and 400 

k 3, 4, 5 and 10 

 0.10, 0.15 and 0.20 

Number of simulations 50000 

2.1. Statistical Tests 

2.1.1. Wald Test 

𝑊 = (𝐶𝛽̂ − 𝑐)
𝑇

(𝐶𝑉𝑎𝑟̂(𝛽̂)𝐶𝑇)−1(𝐶𝛽̂ − 𝑐)~χ𝑞
2 

2.1.2. were 

• 𝛽̂ is the vector of estimated regression coefficients, 

• 𝑉𝑎𝑟̂(𝛽̂) is the estimated variance-covariance matrix of the coefficients, 

• C is a q×p contrast matrix specifying the linear hypotheses to be tested, 
• c is a qx1 constant vector (typically a zero vector, i.e., testing Cβ^=0Cβ^=0), 
• q is degree of freedom for independent variable. 
• p is number of groups for independent variable.  
• Under the null hypothesis, the test statistic W asymptotically follows a chi-squared distribution with q degrees 

of freedom [12]. 

2.1.3. Log-Likelihood Ratio Test 

𝐺2 = −2[𝑙𝑜𝑔𝐿0 − 𝑙𝑜𝑔𝐿1]~χ𝑞
2 

2.1.4. were 

• 𝑙𝑜𝑔𝐿0 is the log-likelihood of the reduced (null) model, 
• 𝑙𝑜𝑔𝐿1 is the log-likelihood of the full model. 
• q is degree of freedom for independent variable. 
• 𝐺2 follows a chi-squared distribution with q degrees of freedom [4]. 

2.1.5. ANOM for Proportions 

The ANOM produces a chart with upper (UDL) and lower decision (LDL) lines. If the proportion for any group falls 
outside these lines, it suggests that the group’s proportion is significantly different from the overall proportion. 

𝑈𝐷𝐿 = 𝑝̅ + ℎ(𝛼, 𝑘, ∞)√𝑝̅(1 − 𝑝̅)√(𝑘 − 1)/𝑁 

𝐿𝐷𝐿 = 𝑝̅ − ℎ(𝛼, 𝑘, ∞)√𝑝̅(1 − 𝑝̅)√(𝑘 − 1)/𝑁 

𝑝̅ =
∑ 𝑝̂𝑖

𝑘
𝑖=1

𝑘
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𝑝̂𝑖 =
∑ 𝑋𝑖

𝑛
𝑗=1

𝑛
 

2.1.6. were 

• ℎ(𝛼, 𝑘, ∞) is critical table value of ANOM 
• k is number of groups, 
• N is total sample size, 
• 𝛼 is significance level, 
• 𝑝̅ is overall proportion, 
• 𝑝̂𝑖 is the proportion for the ith group. 
• If the conditions 𝑛𝑝̂𝑖 > 5  and (1 − 𝑝̂𝑖)𝑛 > 5  are satisfied for all groups, the ANOM procedure designed for 

normally distributed data can be applied [6]. 

2.2. Example of ANOM for proportions 

Three different bean varieties (A, B, and C) are compared in terms of their germination rates. For each variety, 20 seeds 
are planted. The germination rates for varieties A, B, and C are set at 0.20, 0.25, and 0.60, respectively. Let us compare 
the germination rates of these varieties using the ANOM (Analysis of Means) method. 

𝑝̅ =
0.20 + 0.25 + 0.60

3
= 0.35 

ℎ(0.05,3, ∞) = 2.34 

𝑈𝐷𝐿 = 0.35 + 2.34√0.35(1 − 0.35)√(3 − 1)/60 = 0.5538 

𝐿𝐷𝐿 = 0.35 − 2.34√0.27(1 − 0.27)√(3 − 1)/60 = 0.1462 

The ANOM chart shows that variety C falls outside the decision lines. The germination rate of variety C is statistically 
significantly higher than the overall proportion, whereas varieties A and B do not differ significantly from the overall 
rate. 

 

Figure 1 ANOM Chart for Germination Rate 

3. Results and Discussion 

The type I error rates for all tests were given in table 2. The type I error rates for the ANOM, LR and Wald tests were 
4.05-5.97%, 4.57-8.86% and 0.22-5.35%, respectively. The type I error rates for the ANOM test were satisfy Cochran's 
criterion in all experimental conditions. For the LR test, Type I error rates exceeded the Cochran limits under all 
conditions when n = 10. Moreover, when k = 5 and p = 0.7, as well as under all p values when k = 10 and n = 20, the Type 
I error rates for the LR test consistently failed to fall within the acceptable 4.00%–6.00% range. For the Wald test, the 
Type I error rates were highly irregular and generally did not satisfy the Cochran criterion. The ANOM test satisfied the 
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Cochran criterion in all experimental conditions (100%), whereas the LR test did so in 83% and the Wald test in only 
57% of the cases. This clearly indicates that ANOM is considerably more reliable compared to the other two tests. 

Table 2 Type I error rates for all conditions 

  
k=3 k=4 k=5 k=10 

p n ANOM LR Wald ANOM LR Wald ANOM LR Wald ANOM LR Wald 

0.3 

10 5.58 8.46 1.21 4.05 8.40 0.50 4.12 8.20 0.63 4.70 8.86 0.28 

20 4.83 5.41 2.96 5.42 5.82 2.63 5.09 5.92 2.63 4.55 6.65 2.10 

30 5.05 5.69 4.20 5.30 5.74 3.73 4.67 5.38 3.36 4.37 5.72 2.94 

40 4.80 5.02 4.16 4.85 5.15 3.93 4.75 5.31 3.78 4.47 5.78 3.67 

50 5.16 5.40 4.56 5.12 5.66 4.58 4.66 5.69 4.60 4.66 5.10 3.40 

100 5.02 5.15 4.82 4.74 5.08 4.58 4.84 5.32 4.73 4.53 5.18 4.41 

200 5.07 5.03 4.79 4.80 4.91 4.63 4.72 4.90 4.68 4.95 4.93 4.61 

400 4.57 4.59 4.44 5.13 5.28 5.16 4.97 5.12 5.01 5.37 5.56 5.35 

0.5 

10 5.54 6.03 2.65 4.28 6.49 1.24 4.67 7.01 1.14 4.09 6.60 0.70 

20 5.97 5.33 5.04 4.56 5.32 3.35 4.87 5.78 3.66 4.57 6.10 2.96 

30 5.47 5.44 4.64 4.94 5.42 4.21 4.59 5.57 4.15 4.64 5.45 3.49 

40 4.32 5.46 4.49 4.52 4.95 4.33 4.54 5.18 4.19 4.24 4.90 3.70 

50 4.85 5.27 4.57 4.64 5.30 4.60 4.81 5.33 4.47 5.19 5.43 4.11 

100 5.22 5.04 4.82 5.00 5.20 4.87 4.56 4.98 4.65 4.88 5.14 4.50 

200 5.06 4.87 4.80 4.94 4.90 4.78 4.64 4.57 4.47 4.62 5.12 4.87 

400 4.87 4.93 4.90 4.98 4.97 4.91 4.46 4.92 4.89 4.90 5.06 4.93 

0.7 

10 5.61 8.40 1.32 4.07 8.50 0.48 4.09 8.51 0.67 4.99 8.59 0.22 

20 4.98 5.64 3.17 5.02 5.84 2.93 4.99 6.26 2.60 4.48 6.16 1.94 

30 5.02 5.54 3.98 5.12 5.55 3.33 4.26 5.16 3.16 4.52 5.70 2.95 

40 4.54 4.94 3.77 4.71 5.18 3.89 4.73 5.36 3.87 5.21 5.81 3.65 

50 5.10 5.33 4.44 4.99 5.46 4.40 5.01 5.65 4.46 4.74 5.24 3.47 

100 4.85 4.96 4.60 4.57 4.88 4.39 4.85 4.98 4.50 4.76 5.25 4.41 

200 5.39 5.20 4.98 4.88 4.93 4.70 5.01 4.82 4.62 5.00 5.14 4.87 

400 4.95 4.80 4.70 4.94 4.90 4.84 5.17 5.26 5.07 5.00 5.18 4.96 

Test powers for all tests were given in table 3-5. It is known that test power depends on the magnitude of the differences 
between group proportions and the sample size. This situation is clearly observed in the present study as well. However, 
not all tests were equally affected by this situation. In general, the test power values for the ANOM and LR tests were 
similar, whereas those for the Wald test were highly irregular. An increase in the number of groups slightly reduced test 
power for all tests. When the maximum difference between group proportions was 0.10, and at p = 0.30 and p = 0.70, 
all tests exceeded the 80.00% test power threshold at n = 400, regardless of the number of groups. At p = 0.50 and n = 
400, the test power for ANOM exceeded 80.00%, regardless of the number of groups. However, under the same 
conditions, neither the LR nor the Wald test reached the 80.00% test power level when k = 10, regardless of the number 
of replications (Table 3). 
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Table 3 Test Power for =0.10 

  k=3 k=4 k=5 k=10 

p n ANOM LR Wald ANOM LR Wald ANOM LR Wald ANOM LR Wald 

0.3 

10 7.41 9.99 2.18 6.15 10.47 1.24 5.84 10.18 1.00 5.41 10.17 0.30 

20 9.84 10.27 7.61 9.39 9.97 6.37 8.58 9.91 5.48 7.34 9.17 3.46 

30 12.41 13.48 10.82 11.75 12.63 9.75 10.80 11.93 8.80 9.05 10.07 5.92 

40 15.28 15.45 13.88 14.05 14.94 12.89 13.60 13.55 11.23 11.36 11.44 8.38 

50 17.79 18.12 17.02 16.27 16.63 15.24 15.85 16.41 14.46 13.51 13.38 11.02 

100 32.12 32.12 31.46 31.92 31.40 30.72 30.78 29.53 28.67 26.59 22.91 21.45 

200 58.05 58.18 58.03 58.14 56.22 56.30 58.82 56.08 56.23 55.84 45.94 46.08 

400 87.68 87.70 87.79 89.47 88.06 88.15 89.45 86.97 87.11 90.01 82.01 82.44 

0.5 

10 7.47 8.21 3.68 5.85 8.53 1.75 5.71 8.40 1.45 4.55 8.41 0.98 

20 10.35 9.56 8.98 7.92 9.17 6.29 7.89 9.70 6.16 5.65 8.45 4.14 

30 11.84 11.92 10.53 10.11 11.45 9.65 9.39 10.23 8.19 7.31 8.92 5.78 

40 13.68 15.24 13.66 12.19 13.08 11.72 11.81 12.74 10.67 9.52 10.48 8.07 

50 15.64 16.72 15.20 14.48 15.90 14.33 13.77 15.04 13.19 11.44 12.36 10.17 

100 29.96 30.04 29.32 28.92 28.97 27.67 25.27 26.06 24.71 22.72 21.22 19.35 

200 53.12 53.11 52.63 52.48 52.77 52.13 54.03 51.88 51.00 47.81 40.55 39.07 

400 84.29 84.53 84.49 86.00 84.85 84.61 86.19 83.91 83.62 85.67 76.63 76.08 

0.7 

10 7.97 12.67 1.35 5.52 12.13 0.54 5.09 11.07 0.63 5.37 10.62 0.17 

20 10.48 11.49 5.60 9.74 11.73 5.03 8.06 10.01 3.64 6.02 10.10 2.87 

30 13.05 14.71 10.45 12.00 13.83 8.43 9.94 12.67 7.25 7.74 11.19 5.40 

40 16.37 17.49 13.81 13.87 16.28 11.99 12.85 15.13 10.47 9.58 12.92 7.81 

50 19.00 20.28 17.06 16.63 19.02 15.14 16.28 18.36 13.52 11.75 14.69 9.88 

100 36.28 37.24 35.16 34.38 35.66 32.70 31.76 33.48 29.63 25.60 26.03 20.68 

200 65.95 66.96 65.79 64.40 64.56 62.47 64.31 63.43 60.73 59.84 53.66 48.82 

400 93.09 93.20 93.02 94.22 93.61 93.02 94.67 93.12 92.34 94.29 88.86 86.84 

When the difference between group proportions was 0.15 and n = 200, the test power values exceeded 80.00% for all 
tests regardless of the experimental conditions (Table 4). 
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Table 4 Test Power for =0.15 

  k=3 k=4 k=5 k=10 

p n ANOM LR Wald ANOM LR Wald ANOM LR Wald ANOM LR Wald 

0.3 

10 11.02 13.59 4.41 8.44 13.40 2.31 7.77 12.8 1.72 7.80 12.49 0.51 

20 16.14 16.92 13.94 15.11 15.27 10.56 14.60 15.55 9.91 11.5 13.58 6.25 

30 21.80 22.63 19.98 21.32 21.53 18.44 19.84 19.96 16.51 17.31 16.41 11.24 

40 28.53 28.75 26.91 27.99 28.49 25.97 26.43 26.34 23.22 23.96 21.48 17.44 

50 35.59 35.61 34.36 35.34 34.56 32.86 33.51 32.53 30.61 30.07 25.64 22.52 

100 62.07 62.11 61.54 63.73 61.6 61.14 63.25 59.44 59.09 61.59 51.73 51.16 

200 90.86 90.57 90.53 92.42 91.33 91.44 92.80 90.25 90.42 92.79 85.61 85.88 

400 99.74 99.75 99.76 99.86 99.79 99.79 99.92 99.81 99.81 99.91 99.57 99.62 

0.5 

10 9.67 10.67 4.87 8.02 11.43 2.67 7.71 11.46 2.18 5.81 10.57 0.93 

20 14.92 14.49 13.33 13.57 15.37 11.42 12.67 15.38 10.21 8.83 12.15 6.28 

30 20.68 21.06 18.79 18.11 19.83 16.97 16.62 18.50 15.04 14.16 15.73 10.31 

40 26.55 28.79 26.73 24.29 25.15 22.54 23.05 24.45 21.17 19.84 20.03 15.64 

50 31.97 33.88 31.08 30.53 31.90 29.35 29.00 29.72 26.56 24.80 23.53 19.69 

100 59.54 59.81 59.14 60.15 59.3 57.71 58.86 57.14 55.36 54.51 46.32 43.36 

200 89.12 89.33 89.01 90.34 89.35 88.97 90.99 88.93 88.3 90.19 83.16 81.78 

400 99.58 99.59 99.59 99.80 99.69 99.69 99.80 99.63 99.62 99.90 99.31 99.26 

0.7 

10 10.67 17.43 1.25 7.17 16.35 0.96 6.75 14.96 0.61 6.33 13.42 0.24 

20 18.76 21.35 8.75 15.93 20.43 6.78 13.56 18.01 5.39 8.92 15.97 3.94 

30 26.06 29.37 19.98 23.99 27.35 15.30 19.37 25 12.35 14.41 20.29 8.32 

40 34.54 37.43 30.28 30.93 35.23 25.60 29.49 33.55 21.58 21.08 25.76 13.29 

50 42.28 45.14 39.49 39.02 43.05 34.90 37.64 40.83 31.11 29.55 31.85 18.89 

100 74.19 75.66 73.42 74.96 75.91 72.13 74.14 73.57 68.49 69.47 64.11 54.33 

200 96.94 97.16 96.82 97.71 97.55 97.12 97.98 97.62 97.07 98.01 95.10 92.91 

400 99.99 99.99 99.98 99.98 99.98 99.98 99.99 99.99 99.99 100.00 99.98 99.98 

When the maximum difference was 0.20 and n = 100, the test power values for ANOM exceeded 80.00%, regardless of 
the number of groups and p. Under the same conditions, for p = 0.5 and k = 10, the test power values for the LR and 
Wald tests exceeded 80.00% when n ≥ 200 (Table 5). 
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Table 5 Test Power for =0.20 

  k=3 k=4 k=5 k=10 

p n ANOM LR Wald ANOM LR Wald ANOM LR Wald ANOM LR Wald 

0.3 

10 15.44 17.72 7.30 12.11 17.37 3.79 11.73 17.14 3.37 11.25 15.49 0.85 

20 24.60 25.08 21.86 25.44 25.45 20.20 23.23 24.01 17.69 21.20 19.49 10.51 

30 35.75 37.34 34.11 36.14 35.63 32.06 35.24 33.66 29.41 31.62 27.33 20.82 

40 47.10 47.02 45.53 45.23 45.26 42.65 46.52 44.53 41.52 43.74 36.43 32.14 

50 55.85 55.79 54.63 57.01 55.48 53.92 56.24 53.22 51.26 54.95 44.75 41.47 

100 86.48 86.24 86.02 88.26 86.69 86.48 88.67 86.06 85.85 89.34 80.57 80.46 

200 99.32 99.29 99.30 99.60 99.39 99.38 99.62 99.32 99.35 99.78 99.00 99.04 

400 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 

0.5 

10 14.28 15.72 7.06 11.72 16.35 3.60 10.40 15.09 2.68 7.75 13.77 1.60 

20 25.28 25.14 22.92 22.24 23.80 17.44 19.57 22.24 14.44 14.38 18.49 8.98 

30 35.41 36.28 32.47 31.98 33.69 29.10 31.09 33.08 27.23 25.72 26.14 17.84 

40 44.35 46.42 43.60 43.93 44.89 41.17 41.58 42.49 38.02 37.83 34.31 27.09 

50 54.28 55.62 52.50 53.98 54.72 51.62 52.56 52.07 47.53 49.14 42.78 36.14 

100 86.11 86.56 85.86 87.33 86.57 85.58 86.48 84.54 83.30 86.04 78.12 75.00 

200 99.35 99.38 99.32 99.53 99.44 99.38 99.68 99.34 99.30 99.77 98.77 98.54 

400 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 

0.7 

10 14.82 25.60 1.21 10.78 25.53 0.82 8.13 21.86 0.77 7.33 17.84 0.30 

20 31.70 36.58 11.51 28.41 35.81 9.17 25.30 33.26 7.65 14.59 26.64 4.58 

30 48.06 52.15 33.27 45.76 51.11 24.73 39.47 47.38 19.29 30.92 38.18 11.69 

40 60.90 65.25 53.12 58.49 63.59 46.35 57.98 62.40 39.69 47.87 50.35 22.39 

50 73.84 76.53 70.17 71.61 75.20 63.58 70.79 72.77 58.25 65.40 62.13 34.64 

100 96.96 97.33 96.66 97.28 97.39 96.25 97.93 97.54 96.05 97.50 94.81 89.30 

200 99.98 99.98 99.98 100.00 100.00 100.00 100.00 99.99 99.98 100.00 99.99 99.96 

400 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00 

4.  Conclusion 

According to the simulation results, considering both the Type I error rates and test power values, the superiority of 
ANOM over the LR and Wald tests is quite evident. In addition, since it is a graphical method, its results are very easy to 
interpret. Moreover, it provides information not only about statistical significance but also about practical significance. 
Therefore, when all these factors are considered together, the use of the ANOM method appears to be highly 
advantageous in experiments where groups are compared in terms of a binary variable. 
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