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Abstract

In this paper, we extend the work done by Zhi-Gang et al and Owa et al for certain class of analytic functions to another
subclass of analytic function. We obtain some properties related to convexity, extreme points and radius of univalency.
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1. Introduction

1.1. Definition and Preliminaries

Let A denote the class of functions

................... 1.1

which is analytic in the unit disc U= {z € C: |z| <1}. Let P be the class of functions

p(z)=1+ ZI)HZH

k=1
........................ 1.2
which is also analytic in the unit disc U and have positive real part. We let A() be
f(z) € A which was defined in [1] as
.
A(B)=qflz) €A f(2)" =27+ B at!
k=2
............... 1.3
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The extreme points, coefficient bounds and radius of univalency of Q(«,t,y), a subclass of A were studied in [2] where

Q(a,7,7) = {f{::] e A: ﬂ?{rrﬂfl } Tfli.:}r} > 7,2 € [-'}

................ 1.4
and a,T,y >0, 0 < y < a + T < 1. The authors [2] obtained Theorem 1.1 as follows:
1.2. Theorem 1.1
[2]A function f(z) € Q(a,t,y) if and only if f(z) can be expressed as
N T i P RO < (£ ks aCal I
”-:_fl—.‘,/. |Jl£. o =7)z+ 247 Z:I nilr+a dpr ),
..1.5

where p(x) is the probability measure defined on X = {x: |x| = 1}. For fixed &, and y; Q(a,7,y) and the probability measure
u defined on X are one-to-one by expression. (1.5)

In 2007, Owa et.al[8] studied the properties of another class of function applying higher derivatives and they obtained
some interesting results. Previously, Saitoh [3] and Owa [4, 5] had worked on the relative properties of the class Q(1

-T,TY).

In the present paper we extend the work done by [2] on Q(«, 7, ¥) to Qf (e, T, y) where

0P (a,1,7) = {f(z)ﬁ €AB) : R {’(g(;);) + “fz(;)ﬁ} >y,z€ U} .................... 1.6

anda,7,f >0,als00 <y < a+ 7= 1.
We will also show that the class Qf (a, 7, ¥) is convex, using the method of Owa et.al [8].

1.3. Lemma 1.2
[6] p € P if and only if there is probability measure y on X such that

' 1+ xz _ .
p(z)= / ——dp (). (|z| < 1) and & = {x: |z| =1}
o Jz|=1 1 —az
................. 17
The correspondence between P and the set of probability measure y on X given by [7] is one-to-one.

1.4. Remark 1.1

Q8 (a, T, y) is convex.
Proof. Let f{z)f € Qf (o, T, y) and g(z) € QFf (, T, ¥), we define
F(2)=(1-Of(2)P+tg(z)?,0<t<1..cucue.. (1.8)

Then,
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R { (1= [.ITZ]“;.]'I + -":.f.";-'-.:ﬂ:'r + a1t '_-j.""+f._.;||_'z';"" }
7

sy SR .—frI'.'.‘."“-'Ir af 2y
(1—1) a‘fa{"l:_‘___;}lf + 25 }H-’R{ L["_I_._-~.-’ = }

e |:1 —F) v + Il'*"r = -

» i

Therefore & € Qf (o, 7, y) .

2. Extreme points of the class Q¢ (a,t,y)

We begin with the statement and the proof of the following results.

2.1. Theorem 2.1
A function f(z)# € QF (a,,y) if and only if f{z) can be expressed as

. 1 ' = (ex + 7) 3 27FF
(2} = 2y —-—a-7)2"4+2(a+ 17—~ I (x
H2) n—-—T/ ' JZ o 3+7(k+3) i ()
fl=1 r=0 ' 21

where y(x) is the probability measure defined on X = {x : |x| = 1}. For fixed a, T, f and y; Qf (a, T, y) and the probability
measure u defined on X are one-to-one by expression (2.1).

Proof. By the definition of Qf (o, T,y), we know that f(z)# € QF (o, 7,y) if and only if

=
a+T—" P
...................... 2.2
by Lemma 1.2
o] ! . N = o
T (J'-Ii::l' :I |z 5} +aefz)" 27— . | + 2
- = / “elp i)

0T = =1 I —az

.................. 2.3

I
RY:. . )
(fi'ﬂ' ) af(z)” 1 f (o+7)+(a+7—279)x:
_ VA — : dy (A
- -

.............. 2.4

Which yields
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— /: (f'[:{]j); uf(E’i) EM”’E
JI

z T + — T )
¥ ] L
(Ej} T &8
2.5
L - |
1 f —ag—rgtr [ (a4 T7)+(a+7—29) 1€ _astra—s
“j [: | / SARaRA P e e | dp (a
T Jiz|=1 Jo | — @
................ 2.6
and so
- [ e )28 4 2 12: Cha L P
1 —_ —_ 2v—a—T1)2" 4 =% - lx).
Ton+T, r—=e / ' e o+ 73+ k) AT 27

The converse follows, from ([7], page 288 ), we know that both probability measures p and class P; class P and Qf (a,7,y)
are one-to-one and this is the second part of the theorem.2

2.2, Corollary 2.2

The extreme points of the class Qf (a,7,y) are

. o DR . ) .
P 1 . L. (v 71 3 hpite
Loz (29 —a—71"+2{a+T—=) § : . )

a+T “ T ed {0tk | (2.8)
Proof. Using the notation fx(z), (2.8) can be written as
fu(2) = flx|=1 J X ITIC N (2.9)
By Theorem 2.1, the map u — f.is one-to-one, so the assertion follows from ([7],page 288).
2.3. Corollary 2.3
v .'3 -3 :’Qf et ﬂ"..z—_n.."
If'-f:.] =+ Z-c_z ez £ (a7, ) then for k = 2, we have
o 2a+ =)
| <= ———— :
ad tG e 1T (2.10)
Proof. From (2.8)
. 3 ) = q g1 pite-]
(2 =" +2(a+1— "'JZ ..... g S (|| = 1)
k=2 (A e T ™ A |
............ 2.11

Comparing the coefficient yields the result2

2.4. Corollary 2.4
Ifflz)P € Qf(a, T, v), then for |z| = r <1, we have
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=

1

b
PR . = ~ o r
;Fu":_-Jl"i < Y2 T — ) Z — -
o edtBts-r (2.12)

Proof. The result follows from (2.11).

3. Radius of univalency

Now we calculate the radius of univalency for functions of the class Q#(a, t, y)

3.1. Theorem 3.1

Let f{z)P € QFf (o, T, ), then f(z)Pis univalent in |z| <R (a, T, ), where

]
. afd+ (B+k—-1)7 ot

7,7} = inf
R{a,77) *:]:|{2[.i--—-'~'—1](“+-*—“]} :

wa3.1

Proof. It suffices to show that

that is

((=1%)
(==)

— 1‘ = |3 (o, —1a,ztt

= 5 (B4 k= 1) e |27

=

This is less than 1 if

T ad+{d+w—=1)7
T3 b A (F k1)

4. Conclusion

This research is a generalization of the work of Zhi-Gang and it exterblished that Q(a,t,y) in is equivalent to Q! («, 7, ¥).
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