International Journal of Science and Research Archive

eISSN: 2582-8185
Cross Ref DOI: 10.30574/ijsra

IJ S RA Journal homepage: https://ijsra.net/

(RESEARCH ARTICLE) W) Check for updates

Marichev-Saigo-Maeda Fractional Integration of Product of the K- Function and the
H -Function

Kulwant Kaur Ahluwalia *

Department of Mathematics Mata Gujri Mahila Mahavidyalaya (Autonomous), Jabalpur, M.P., India.

International Journal of Science and Research Archive, 2023, 08(01), 507-513

Publication history: Received on 15 December 2022; revised on 26 January 2023; accepted on 28 January 2023

Article DOI: https://doi.org/10.30574 /ijsra.2023.8.1.0098

Abstract

Fractional calculus is an important branch of mathematical analysis which deals with investigations of integrals and
derivatives of arbitrary order. It has been applied to almost every field of Science, Engineering and Mathematics. The
aim of this paper is to study the generalized Marichev- Saigo- Maeda fractional integral operators. We will establish two
theorems which give the image of the product of H -function and K-function in Saigo operators. Certain Special cases of
main results are also discussed.

Keywords: Marichev-Saigo-Maeda fractional integral operators; K-function; H function; Generalized hypergeometric
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1. Introduction

1.1. Generalized Hypergeometric function

Gauss’ hypergeometric function ,F,; () is given by;

,F.(ab;c; x)=g% D (1)

n

where c is neither zero nor a negative integer. The series (1) is absolutely convergent within the circle of convergence
|X| <1, on the circle of convergence the series is absolutely convergent if, Re (c-a-b) > 0.

Also if Re (c-a-b) > 0, Re (c) > Re (b) >0, then;
r'(c)r(c-a-b)
I'(c—-a)I'(c—b)

1]

,F(abic; 1) =

The generalized hypergeometric function b Fq defined by Rainville [3], is given by ;
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where the parameters bj 's (j:l, ........ ,q) is a non-positive integer. If any of the parameters a; <0, then the series

terminates.

2. The Generalized M-Series and K-function

Re(a)>0
Letz,a,f ell and ( ) ; then the M-Series [4] is defined as:

M? (z) = M“'/’(z";z) = L (3)
P P §(bl)n, ........ (b,)  T(an+p)
e Letz,a,pB,y€l] and Re(a) > 0; then the K-function [5] is defined as:
_ _ (8,) e ,(ap) ») 7"
K7 (2) = K7 (iz) =3 . e @)
”Zo(bl)n’ ........ ,(bp)n F(an+,8) n!
Both series are defined provided that non of the parameters b;'s (j=L......... ,0) is a non-positive integer. If any of the

parameters a; <0, then the series terminates. These series are convergent for all z if p < q and divergent if p>q+1.

q P
They are absolutely convergent when R(Z bj— a) > (0 and they are conditionally convergent if
=1

1
ji=1 i

q p q p
-1< R(ij—zaiJ < 0 atz=-1and are divergent if R(ij—Zaij <-1
i=1 i1 ' i

If y=1, pK;{’ﬂ;l(z) reduces to p|\/|Z’ﬂ(2)

2.1. The H-function

The H-function introduced by C. Fox [6], in terms of Mellin-Barnes type of contour integral is defined as follows;

HO [z]=HDy |z (2, ’(ap’ap)
(b1, f3,)seeenn (04,
- [ 2 g(s)ds 24
-2t ' (2#0) (5)

Where,

ﬁr(bj —,Bjs)ﬁl“(l—aj +a8)

p(s)=— . O, (6)
I1 T(1-b;+ps) [T (a;-as)
j=m+1 j=n+1
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Here m, n, p, q are integers satisfying 0 <m <q, 0 <n <p; a,(j=L., p) and b, (i=Lree q) are complex parameters,

o> O(j . ) p)'ﬁ,- >0(j=1 e, q) are positive numbers. The contour integral (5) converges absolutely if,

Tziaj—ZaJrz,B Zﬁ>0 and |argz|< =T

j=1 j=n+1 j=m+l

2.2. The H -function

The H -function was introduced by Inayat Hussain [1] and studied by Bushman and Shrivastava [2 ] is defined and
represented in the following manner,

o - '.A')ln' (a'a')mlp
P, q [ ] H (b ﬂ)lm, (0}, 8B ) miag

1
27r|

2 ¢ (s)ds (C2210) J— (7)

where,

n

ljmlll“(bj— ps) TT{r(1-a,+as))”

— N -
#(s)=—¢ T e (8)
I1 {F(l—bj+/3’js)} [1r(a;-ag)
j=m+1 j=n+1
Here L is a contour starting at the point c-ico and terminating at the point c+ico, a,(j=1......p) and by (=L q) are
complex parameters, Q ZO(j =1..... ,p) v B,20(j=1.....,q), (not all zero simultaneously) and the exponents
A(i=1. .n), B;(j=m+1.....,q) can take integer values.

Sufficient condition for absolute convergence of the contour integral in (7) established by Buschman and Shrivastava
[2]is as follows;

m n q p 1
T=2f+2 A= 3 [BS|- X @ > 0 and |af92|<§7rT,
i=1 i=1 j=m+l j=n+l

2.3. Generalized Fractional Integral Operators

Let o, B, ne [l ,x>0and Re(a) > 0 then the generalized fractional integration operators associated with Gauss

Hypergeometric function, Saigo [7] are defined by the following equations;

(Igf*” f)(x) _ i—(ao—(ﬁ)' J‘OX(X_t)a71X zﬁ(a_,_ﬂ,_q;a;l—ijf (D)dt, 9)
- ddxn” (lg:”'ﬁ‘”'”‘”f)(x); (Re(o) <0; n=[Re(—0] +1) oo (10)

And
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@ f 1 2 a1, o4 .0 X
(1= f)(x)_mjx (t-x)""t ﬂx2Fl[a+ﬂ,—77,a,l—?)f(t)dt, ................. (11)

=(-1)" %(If*“'ﬁ‘”'nf)(x); (Re(er) <0; n=[Re(=0]+1) orerrrn (12)

The generalized fractional integration operators of arbitrary order involving Appell function F; (.) also known as Horn

function [8] in the kernel have been introduced by Marichev [9] and later extended and studied by Saigo and Maeda
[10], in the following forms;

Let a,a', 3,5y €l , x>0and Re(y) >0 then,

a,a'\B.B'y _ Xﬂu X 71, ' \ i t X
(|0,+ a f)(x)_r(?/).'.o (X_t) t ><F3(a,a,ﬂ,ﬂ,7/ 11_;11_YJf(t)dt, .................... (13)
And
a,a'\B.By _ Xia‘ © 71, ' .o, X t
(IO,— & f)(x)_r()/)J.X (t_x) 1t XFS((X,Q,ﬂ,ﬂ,}/,l_T,l_;)f(t)dt .................... (14)

Further from Saigo and Maeda [10] we also have the following two results;

e Leta,a'\p,p'y,pell besuchthat, Re(y)>0 and Re(p)>max[0,Re(a +a'+ S ~y), Re(a'- )], then;

(Ig'f"ﬁ'ﬁ"yt”l)(x):r{ ppty-a-a=fprpa }Xp_a_a'”_l ............. (15)
’ p+pip+ty—a-ap+ty-—a-p
where,
[a,b,c} I'(a)r(b)r(c)
r —_ NPT NS
x,y,z| T(x)I'(y)[(z)
o Leta,a',B,B'y,p<€ll besuchthat, Re(;/)>0 and
Re(p) < 1+min [ Re(-B), Re(a+a'-y), Re(a+B'-y)] then:
(|g.i1',/”-ﬂ'~7tpfl)(x):r l-p-y+a+a’l-pra+f-yl-p-p XOE O
: I-pl-p+a+a+p'-yl-p+a-p (16)
3. Results
3.1. Theorem 1
r  a,a\ BBy, pell, x>0, T>0, argz| < %JZ'T such  that Re(y)>0  and

Re[p+no+A&] >max[0, Re(a+a'+B-y), Re(a'—ﬁ')] , then;
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Ig’f'ugyﬂ'a?’ o ng’V;S (T]tc) HgﬂbN wtx‘(ei’EJ”Aj)l,N ’(ei’Ej)N+1,P
| (fJ" Fj)l,M ’(fJ" I:J" BJ)M+1,Q

_ yprno—a—a'+y-1 (al )n """"" (ap )n (5)n 77“
- ; (bl)n’ ........ ,(bq)n 'F(yn+v) n!

(1—p—na,/i;l),(l—p—na—y+a+a'+ﬂ,/1;l),
(fj’ Fj)l,M ’(fi’ I:J'; BJ')M+1,Q’

(I-p-no-pra’ii1).(e, EA)) (&0E)) .,

(l—p—na—ﬂ',/t;l),(l—p—na—7+a+a',l;l),(l—p—na-—;/+a'+,8,/1;l)

CMUN+3 p
X Helsgus {a)x

3.2. Proof

Applying equation (4), and (7) to the left hand side of (17) and then interchanging the order of summation and
integration we have,

|06-a',ﬁ,,3',7
0,+ q

KR (t°) HYY' | ot
p . |: ‘ (fj’ Fj )l,l\/l ’(fj’ Fj’ Bj )M+1,Q

ej’Ej’Ai LN’ ej’Ej N+LP
sl

(al)n, ........ ,(ap)n (5)n n 1 by o2t
=§ (by), ey (bq) .F(,un+v)% Xz_ﬂi J;a)fe(g) {|0.+ Pt : }(X)df

Now applying the Saigo Maeda operator (13) we obtain the right hand side of (17).
3.3. Corollary1
1
If a,B,y,ell, x>0, T>0, |argz| < EﬂT ,such that Re(a)>0 and

Re[p+no+A&] >max[0, Re(B-y)], then;

(ej’ Ej'Aj )l,N ’(ej' Ej)N+l,P

[/ | KEYP (nt°) I:|'v"’N ot”
O o - ‘ (fJ"FJ')l,M'(fJ"FJ"BJ')MJrl,Q

(x)

g | (1_p_na’l;l)’(l_p_no-_erﬂ’/l;l)’(ej'Ej;Ai)l,N'(eJ’EJ)Nﬂ,p
x ; " a) ..........
P+2,0+2 (fj'Fj)l,M'(fj,Fj;Bj) (1-p-no+p41),1-p-no—a-y,1;1)

M+1,Q
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3.4. Theorem 2
fa,a' 8,8 pell, x>0, T>0, |argz| < %HT ,such that Re(7)>0 and

Re[p+no—A&] <1+min[ Re(-B), Re(a+a'=y),(a+pB'-y)], then;

|06-a',ﬁ,,3',7
0,—

ej’Ej’Aj LN’ ei’Ej N+1P
sl

tpl Ku,v:ﬁ (nt") |:|'vIN (1)t_x
a [ (1R ) (1FB),

_ yptno—a—-a'+y-1 (al)n’ """" ’(ap)n (§)n 77“
- 20 (by), seveerre (by) T(un+v)n!

(p+no+y—a-a'\21),(p+no—a-pB+y, A1),
(fJ" FJ )1,M ’(fJ" I:J'; BJ)M+1,Q !

TIM,N+3 -2
x HP+3,Q+3 [a)X

(p+no+pB,41),(e . EGA)) () .,
(p+no, L), (p+no—a—-a'-p+y  A1),(p+no—a+p,4:1)

3.5. Proof

Applying equation (4), and (7) to the left hand side of (19) and then interchanging the order of summation and
integration we have,

ei'Ej’Aj LN’ eJ’EJ N+LP
(AL >,] .

(fi’ Fi)l,M ’(fi’ I:J" BJ)M+1,Q

Z (al)n .......... (ap)n . (5)n i Xi_ 0)59(5) {Igflﬁyﬂ"y tﬂ+na—l§fl}(x)d§

Now applying the Saigo Maeda operator (14) we obtain the right hand side of (19).
3.6. Corollary 2
1
If a,p,y,el, x>0, T>0, |arg Z| < Eﬂ'T ,such that Re(a) >0 and

Re[p+no—A¢&] <1+min| Re(B), Re(y)], then;

(ei' Ej’Aj )l,N ’(eJ" Ei)N+1,P

1“7 |t KEY® (t°) HYY' | ot
o - ‘ (fi’ Fj)l,M ’(fJ" FJ" BJ)M+1,Q
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(p+no—p.a1).(p+no—y,41),(e EA)) (e E))

N+1,P

IM,N+2 -1
X Hpp o0 | @X SR A1)

(fj,Fj)lM ,(fj,Fj;Bj)Mﬂ’Q,(p+na,}t;l),(p+nO'—a—,B—y,/l;l)

4. Conclusion

We have given new image formulas of the H -function and the K-function under Saigo-Maeda operators, many other
interesting image formulas can be derived as the specific cases of our results. Also, the special functions involved here
can be reduced in simpler functions, those have a variety of applications in science and technology.
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