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Abstract 

In this article, some properties of τ−valently starlike and τ−valently close-toconvex of q−operator are studied. 
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1. Introduction

Let A(τ) denote the class functions which are analytic and τ−valent in a unit disc U = {z : z ∈ C ,|z| <1} of the form 

………………….(1.1) 

The function f(z) ∈ A(τ) was defined in [1] as 

, 

where Θ( . 

Let functions 𝜚(𝑧)  ≺  𝜎(𝑧) and σ be analytic in U, then 𝜚 is said to be subordinate to σ, written as 𝜚(z) ≺ σ(z), if 𝜚(0) = 
σ(0) with σ(z) univalent in U and the set of values assumed by 𝜚(z) for z ∈ U is included in the set of values assumed 
there by σ(z). 

A function f(z) in A(τ) is said to be τ−valently starlike if and only if 

,………………….(1.2) 

also function f(z) in A(τ) is said to be τ−valently close-to-convex if and if there exists a starlike function say g(z) such 
that 
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……………..(1.3) 

We denote the class of functions which are τ−valently starlike and τ−valently close-to convex by S(τ) and K(τ) 
respectively. Some properties of functions in classes S(τ) and K(τ) had been studied extensively for example see (pages 
188-198, [11]) and also [2]. 

Definition 1.1 Let µ ∈ C be fixed. A set η ⊆ C is called a µ−geometric set if for z ∈ η, µz ∈ η. Let h ∈ A(1),0 < q <1 be a 
function defined on a q-geometric set η ∈ C. The q-difference operator is defined by the formula 

,……………………..(1.4) 

and Dq h(0) = ℎ′(0). From (1.4), we have 

 

where  

 

As q → 1, [k] q → k. In particular when h(z) = zk, clearly  . 

The q-shift factorial, the multiple q-shift factorial and the q-binomial coefficients are defined by 

………..1.5 

and 

………..1.6 

where a, q ∈ C. 

Let rΦs denote the q-Hypergeometric series 

…………….1.7 
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………………1.8 

For more details about q-derivatives see [14] and also [3]-[5]. 

Let s + 1 = r; r, s ∈ N0 = N ∪ {0} then, the function 

rGs(a1, ..., ar; b1, ..., bs, q, zτ) = zτ rΦs(a1, ..., ar; b1 ,..., bs, q,z) 

……………………….(1.9) 

In this article we assume 

M(n)(a1,...,ar;b1,...,bs; q, zτ)f(z) = M(n)(ai ; bj ;q , zτ)f(z), 

where (n ∈ N; i = 1,2,...,r; j = 1,2,...,s). 

Let 0 < λ <1 we define the operator M(n)(ai ; bj ; q , zτ )f(z) : A(τ) → A(τ) by 

…………………..(1.10) 

= 𝑧𝜏 + ∑ [1 + 𝜆(𝑘 − 1)]𝑛 𝜏𝑘−1𝜃𝑘−1 𝑎𝑘𝑧𝑟+𝑘−1∞
𝑘=2 ,…………………..(1.11) 

where 

 

Clearly 

M(0)(ai ; bj ; q , zτ)f(z) =r Gs(aI ; bj ; q , zτ) ∗f(z), 

and 

M(n)(ai; bj; q, zτ)f(z) 

………………..(1.12) 

The operator M(n)(ai;bj;q,zτ)f(z) is the generalization of other operator studied in , the item bellow: 

 For r = 1, s = 0, τ ∈ N, a1 = q, n = 0, we have the function f(z) ∈ A(τ) studied by many but we mention just a few 
[8]-[11]. 

 For r = 1, s = 0 , τ = 1, a1 = q, n ∈ N, λ = 0 we have the S˘al˘agean operator [13]. 
 For r = 1, s = 0, τ = 1 and a1 = q, n ∈ N,0 < λ <1 we have the Al-Oboudi operator [12]. 
 For τ = 1, was studied by [3]. v For n = 0, τ = 1, was studied by [5]. 
 For τ = 1, n = 0, ai = qαi, bj = qβj, αi,βj ∈ C, βj ∈/ Z−∪ {0} (i = 1,...,r, j = 1,...,s) and q → 1 was studied by [7]. 

The aim of this article is to calculate some conditions for the operator defined in (1.10) to be τ−valently starlike and 
τ−valently convex. 
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2. Criterion for τ−valently starlikeness 

In this section, we calculate the necessary condition for the operator defined in (1.10) to be τ−valently starlike. We use 
the same technique of proof in [6], see also [10] to prove Theorem 2.1 

2.1. Theorem 2.1 

Assume z ∈ U(θ) = {z : |z| <1, z ≠ 0, (argz −θ)(argz −θ −π) ≠  

where α,θ ∈ R, 0 < α ≤ 1, 0 ≤ θ < π. Let M(n)(ai;bj;q,zτ)f(z) be the operator defined in (1.10) such that 

…………2.1 

with 

,……………(2.2) 

then 

 

and M(n)(ai ; bj ; q , zτ)f(z) ∈ S(τ). 

Proof. Using the identity (1.12), we set 

……..2.3 

=  
𝑧𝜏

(ℳ(𝑛+1)(𝑎𝑖; 𝑏𝑗; 𝑞, 𝑧𝜏)𝑓)(𝑧)
 ∫

𝜉𝜏(ℳ(𝑛)(𝑎𝑖 ; 𝑏𝑗;  𝑞, 𝑧𝜏)𝑓)(𝜉 𝑧)

(𝜉 𝑧)𝑟

1

0

 

and 

…………2.5 

From (2.1), (2.2) and (2.5)we have 
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  

  

If (i) holds then, the  integral lies in the same convex sector and  

If (ii) holds then, the  integral lies in the same convex sector  

Hence 

………………2.6 

and the prove of the theory. 

We state Corollaries 2.2-2.4, without prove because their proves are similar to that of Theorem 2.1. 

2.2. Corollary 2.2 

 Let M(n)(ai ; bj ; q , zτ)f(z) be the operator defined in (1.11) such that 

……………..2.7 

If 

…………..2.8 

is typically real in U, then (M(n+1)(ai ; bj ; q , zτ)f)(z) ∈ S(τ) in U. 

2.3. Corollary 2.3  

Let τ = 1 with f(z) ∈ A(1), and M(n)(ai ; bj ;q ,z)f(z) be the operator defined in (1.11) such that 

………………2.9 

If 

(M(n+1)(ai; bj ;q , z)f)(z)…………………(2.10) 
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is typically real in U, then (M(n)(ai ; bj ; q , z)f)(z) ∈ S(τ) in U. 

2.4. Corollary 2.4 

 If r = 1, s = 0, τ ∈ ℕ, a1 = q, n = 0 with 

J(z) = (M(0)(a1;b0;q,zτ)f)(z) and  also  then 

,……………..2.11 

and J ∈ S(τ).  

Corollary 2.4 is equivalent to Theorem of Nunokawa ([10],page 24) and the function J(z) can be used to calculate 
Corollaries 1-3 of [10]. 

3. Criterion for τ−valently close-to-convex 

In this section we calculate the necessary condition for the operator defined in (1.10) to be τ−valently close-to-convex. 
We use the same technique of proof in [8], see also [9] to prove our Theorem 3.1. 

3.1. Theorem 3.1  

Let M(n)(ai ; bj ; q , zτ)f(z) be the operator defined in (1.10) such that 

……………3.1 

where  then M(n)(ai; bj ;q , zτ)f(z) ∈ K(τ). 

Proof. For  and τ = 2, d = γ, the prove of the theorem is trivial. Let . We set 

……….(3.2) 

From (3.2), we have Θ(0) = 1, Re{Θ(z)} >0 in the unit disc U, it then follows that ϑ(z) ∈ S(1), and some calculations on 
(3.2) using the identity (1.12) gives 

. 

Let 

. 
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F(z) is analytic in U with F(0) = 1 so there exist an analytic and univalent function say s(z) such that s(0) = 1 and the set 
of values assumed in F(z) for z ∈ U is included in the set of values assumed in s(z). We choose such s(z) as (1 −z)2γ−d−τ , 
and hence 

………………..3.3 

From (3.3) and the assumption of the theorem, it follows that 

F(z) ≺s(z)…………3.4 

We set 

then 

. 

From (3.2)and the assumption (3.1) we have 

 

………(3.5) 

That means h(z) has a zero of order τ at z = 0, hence h(z) is τ−valently starlike and from (3.4) and (3.5), M(n)(ai;bj;q,zτ)f(z) 
is τ−valently close-to-convex. 

3.2. Corollary 3.2 

Let M(n)(ai; bj; q ,zτ)f(z) be the operator defined in (1.10) such that 

, 

or 

. 

then M(n)(ai; bj ;q ,zτ)f(z) ∈ K(τ). 

Proof. For 𝜆 ≠  
1

2
, and by substituting  in Theorem 3.1, implies the required result. 

3.3. Corollary 3.3 

Let J(z) be as Equation (2.9) with τ = 1 and f(z) ∈ A(1). Also let M(0)(ai; bj; q, z)f(z) be the operator defined in (1.11) such 
that 
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……………(3.6) 

then J(z) ∈ K(τ). 

3.4. Corollary 3.4 

 Let J(z) be as Equation (2.9) with 

…………..(3.7) 

then J(z) ∈ K(τ). 

4. Conclusion 

Subclasses of τ−valently starlikeness and τ−valently convex were introduced. The criterion for τ−valently starlikeness 
and τ−valently convex were studied.  
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