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Abstract

In this article, some properties of t-valently starlike and t—valently close-toconvex of g—operator are studied.
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1. Introduction

Let A(t) denote the class functions which are analytic and r-valent in a unit disc U ={z: z € C,|z| <1} of the form
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The function f{z) € A(t) was defined in [1] as
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where 0(~ I = E_n; gz " g =1
Let functions ¢(z) < o¢(z) and o be analytic in U, then g is said to be subordinate to g, written as ¢(z) < o(z), if 0(0) =
0(0) with ¢(z) univalent in U and the set of values assumed by g(z) for z € U is included in the set of values assumed

there by o(z).

A function f{z) in A(7) is said to be T-valently starlike if and only if
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also function f{z) in A(7) is said to be T-valently close-to-convex if and if there exists a starlike function say g(z) such
that
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We denote the class of functions which are t-valently starlike and 7-valently close-to convex by S(t) and K(7)
respectively. Some properties of functions in classes S(t) and K(7) had been studied extensively for example see (pages
188-198, [11]) and also [2].

Definition 1.1 Let u € C be fixed. A set n € C is called a u—-geometric set if for z € n, uz € n. Let h € A(1),0 < q <1 be a
function defined on a q-geometric set ) € C. The q-difference operator is defined by the formula

hizi— higz)

Dhiz) = zen - {0}
z— SN ¢ 7))
and Dgh(0) = h'(0). From (1.4), we have
D,h(z) =1+ Y [k|,arz""", (2 #£0)
k=2
where
(Ko = 4

- L o
As q— 1, [k] = k. In particular when h(z) = zK, clearly Dy ag 54 l.

The g-shift factorial, the multiple g-shift factorial and the g-binomial coefficients are defined by
1 k=0, )=1a =a)
My=5(1 — aq™) (j=1,k+0,a,=an€EHN,)
" (a:q) (=12, mn€ENEkED.
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where g, g € C.

Let r®sdenote the g-Hypergeometric series
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For more details about g-derivatives see [14] and also [3]-[5].
Lets+1=r;r,s € NO =N U {0} then, the function
rGs(ay, ..., ar; by, ..., bs, q, z7) = z*/Ps(ay, ..., ar; ba,..., bs, q,Z)
=2z Z (e Ir;j|t|z||:,rnk " |;jl J lllr; 15 o
L (1.9)
In this article we assume
M®(ay,...,arbs,..bs; q, z)f(z) = MO (a;; bj;q, z9)f(2),
where (n€N;i=1,2,..,r;j=12,..,s).
Let 0 < A <1 we define the operator M(a;; bj; q, z*)f(z) : A(t) = A(7) by
MO by 5 () = MU (MO Mabsiq 2 )G (10
=zT+ YL+ Ak — D] o510, arz™ (1.11)
where
Rl o e Cerre
Clearly
MO (ai; bj; q, z)(2) =r Gs(ar; bj; q, 27) *f(2),
and
M(ai; bj; g, z2)f(2)
= (1= ) (MO Blaghyig. ) f(2) +he (MO Blashig. ] (112)

The operator M (ai;bj;q,27)f(2) is the generalization of other operator studied in, the item bellow:

e Forr=1,s=0,7€N, ai=q n=0, we have the function f(z) € A(7) studied by many but we mention just a few
[8]-[11].

Forr=1,5s=0,t=1,a1=¢q, n €N, A=0 we have the S'al’agean operator [13].

Forr=1,s=0,t=1and ai1=¢q, n € N,0 <A <1 we have the Al-Oboudi operator [12].

For t = 1, was studied by [3]. v For n = 0, T = 1, was studied by [5].

Fort=1,n=0,ai=qai, bj=qpj, ai,j € C, Bj €/ Z-U {0} (i=1,..r,j = 1,..,5) and q — 1 was studied by [7].

The aim of this article is to calculate some conditions for the operator defined in (1.10) to be t-valently starlike and
t-valently convex.
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2. Criterion for T-valently starlikeness

In this section, we calculate the necessary condition for the operator defined in (1.10) to be t—valently starlike. We use
the same technique of proofin [6], see also [10] to prove Theorem 2.1

2.1. Theorem 2.1
Assume z€ U(0) ={z: |z| <1, z # 0, (argz -6)(argz -6 -m) #

where ¢, ER, 0 <a <1, 0<0<m Let M (a;b;q,z7)f(2z) be the operator defined in (1.10) such that

(M (0 by g, 7)) |
‘aj,‘ﬂ, (M Lm_‘rr,. p. 27 ) fiz) ‘ _:t s el
. N T 2.1
with
(M abyg, 2 1 F)iz)
(Im %5519 27)7)(2)] (Zm—) #0

“ = R (2] |

then
M {epbrgoz 1F)2 ]
arg L =T
(,-'H'-“J't{l‘t ...1{;I' "|J|r||: :|

and M("(a;i; by; q, z)f(z) € S(7).

Proof. Using the identity (1.12), we set
MM b2 f)(2)
'l/["”l'lﬂ 053¢,27) f Il ]

L (MM agbig, 2 filE2) - (1- AT:IM'::”i'[ai;bj:q.:':fuw,

wf MAlREL o B =T "-'
}\8 \ ,-:ll_.gw-q-l_ ! |I‘fi'.1': IEI:I;,{{: Z ,I'f__.l |.__";.|
1 IJM TllrﬂinhﬁHQ‘::I:flrkulJ
|a+1| o
'Vi IE]I'E)JI q'” 'f“ | ........ 2.3
_ z* f ter (M ™ (a;, by q,2%)f) (€ 2)
(M @+D(a; bj; q,27)f) (2) ¢ Z)r
and
n
wre ': M {ag: ] 2 ‘]_'."Z.f'l'l'fi:]‘ B ‘B_I.'EI:'MW l:.rr,:f’{,-:x:r;:"I_J"}I.E'.I- - T:1
s o T e 2.5

From (2.1), (2.2) and (2.5)we have
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0 <arg -[M[HPl]{ﬂ‘ljll::j:q_:r}f][:]] < Fined

z 2
R -
- Min+l)( ibig. 2TV Mz
-2 < |arg - e ) ]] <0
[ ]
fl ¢ (M) (aizbjiq,27) f)(€2)] d¢ {z:0<arg =< 2}
If (i) holds then, the ¥0 * (€2)7 > integral lies in the same convex sector "and
J"l 61’ [(M(n)(ﬂi%bj.if;-.zrjf)(f.zj]df Jl i {I}
If (ii) holds then, the /0 (€2)7 integral lies in the same convex sector ) '
Hence

(Mg by g, 27) f)(2)
(M ag by g, 27) f)(2)

1A

arg ‘.-Lrg_

- ‘ } !”_u-/'l C.—[-"M:nlqﬁ.i:flj:ff.:r}.rj[iljhrc
(Mt (ag; byig, 27) f)(2) 9] s TEL ¢
< T; + ? =, €U

2.6
and the prove of the theory.
We state Corollaries 2.2-2.4, without prove because their proves are similar to that of Theorem 2.1.

2.2, Corollary 2.2
Let M((a;; by; q, z°)f(z) be the operator defined in (1.11) such that

M (a;:b5:q.27) f)(2))]

T

‘axg;{

................. 2.7

If

) B

Z'T
is typically real in U, then (M("*1(a;; by; q, z)f)(z) € S(t) in U.

2.3. Corollary 2.3
Let T = 1 with f(z) € A(1), and M(")(a;; bj;q,z)f(z) be the operator defined in (1.11) such that

2T U g 2 |
|1|:|;"'1 HRLRR _||'__i.. Ly

C e 2.9
If
(MO*D(as; by, 2)f)(2) creerrerrereen (2.10)
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is typically real in U, then (M(a;; bj; q, z)f)(z) € S(7) in U.

2.4. Corollary 2.4
Ifr=1,5s=0,T€N,a1=q,n=0with

o w2 - Ta Im ZJ’(Z)) Im-=; 0
J(2) = (MO (a1;b0;q,27)f) (2) andl‘qr"-v z—| Talso( m=:= ( m f.-f-ﬂ') # then
arg 2J (2) Ta
J(2) 2 e 2.11

and] € S(1).

Corollary 2.4 is equivalent to Theorem of Nunokawa ([10],page 24) and the function J(z) can be used to calculate
Corollaries 1-3 of [10].

3. Criterion for T-valently close-to-convex

In this section we calculate the necessary condition for the operator defined in (1.10) to be T-valently close-to-convex.
We use the same technique of proofin [8], see also [9] to prove our Theorem 3.1.

3.1. Theorem 3.1
Let MU(a;; bj; q, z))f(2) be the operator defined in (1.10) such that

B 2MT(T — )
T—d

(M2 (a;;b55q,27) f)(2)
(M (a;; b5 q,27) f)(2)

2

<'l+’Rr’{ }<ﬂ,-, (zeld

............... 31

T+d—1 ~ T+d+1
IL+7<d, 2 <7 < 2 then MW (as; bj;q, z9)f(2) € K(7).

where

_ 1 1
Proof. For’1ll ~ Zand =2, d=Yy, the prove of the theorem is trivial. Let‘}L 7 2 Weset

— ! Aly—7)+1-— (wl !:jl:&i; i 4. ET”}[:}I ] :ﬂ,{‘?]
Yo D P TR R PR TITELS B SRR

(=)

From (3.2), we have 0(0) = 1, Re{®(z)} >0 in the unit disc U, it then follows that 9(z) € S(1), and some calculations on
(3.2) using the identity (1.12) gives

(M faizbg 27)f)e) _ [9e)\"

2) z

Let

Plyl < (_.,-'WIHJFIZ](H--;'.}L‘j;f}, )f)(z) N ;

L [T4d] L=l
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F(z) is analytic in U with F(0) = 1 so there exist an analytic and univalent function say s(z) such that s(0) = 1 and the set
of values assumed in F(z) for z € U is included in the set of values assumed in s(z). We choose such s(z) as (1 —z)%r-4-r,
and hence

(M (30559, 27) f)(2)

Re CEOWVNGT) >0 (z€el).
2z J(z) 2
hz) =0T, 33
From (3.3) and the assumption of the theorem, it follows that
F(z) <s(2).corrnnn 3.4
We set
then

NEAE T+l T —d z1'(z)
T T ()R

From (3.2)and the assumption (3.1) we have

) (2 T+l T — ) ) _ (MO b g, 2710002
Re : ) AMr—al—1l 4+ —————= :
w{ flz) } 2 + (l‘a[r — ), { ' ’ (MO W asbyg, 27 Filz)

T+ i—r7 L AdAlT — ) .
- O' ty (q i ) {,xr_;.- A+ ;'} — (2 €U
2 2AT =) T—e ) (3.5)

That means h(z) has a zero of order t at z = 0, hence h(z) is t—valently starlike and from (3.4) and (3.5), M (a;;b;;q,2z7)f(2)
is T-valently close-to-convex.

3.2. Corollary 3.2
Let M((a;; bj; q,z7)f(z) be the operator defined in (1.10) such that

9 drh =11 Re JL.z;mJ.., 1__..”.1\:-5‘_1;!]'.2'- _I.*II_.'-:.:} - “r_. Lr;__, o L?r\,l

L R U Il N TR

or

Zraie—)

AT 4] 14+ Re {ziMm__f;.':f“‘ir’"”"‘"-”""'"f‘1 <7, (s €U]

dl—r (AT g b 2T 1 0120

then M) (a;; bj;q,z7)f(2) € K(1).

d==~ord=—7r—2, ~=—7—

Proof. For A # i, and by substituting 7 in Theorem 3.1, implies the required result.

3.3. Corollary 3.3

Let ](z) be as Equation (2.9) with T = 1 and f(z) € A(1). Also let M©(a;; bj; q, z)f(z) be the operator defined in (1.11) such
that
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2rAlr — =] i =72 . -
—— 4+ 1+ Re {ﬁ} <y, e ld)

vreerninrennnns(3.6)
then ](z) € K(1).
3.4. Corollary 3.4
Let J(z) be as Equation (2.9) with
AT — ) ENEE . .
—— + 7= 1+ Re ?,— <, L e )
d—7 VALEIE B 3.7)

then ](z) € K(1).

4., Conclusion

Subclasses of t-valently starlikeness and t-valently convex were introduced. The criterion for t-valently starlikeness
and t-valently convex were studied.
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