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Abstract

The concept of difference sequence spaces have been given by M.Et.and Colak . In this paper, we defined difference
sequence Spaces A} (1) ,AL(c) and A% (c,) and their @ — duals or Kothe - Toeplitz dual and also discuss about some
topological property of these spaces. Further, we checked perfectness of these spaces and checked some properties like
monotone and solidness of these spaces also.
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1. Introduction

l, , c and c, are the classical sequence spaces of bounded complex sequences,convergent complex sequence and null
sequences respectively following via norm

I % lloo = supi| x|
Here, k € N {1,2,3 ...}, set of natural numbers.
H. Kizmaz [2] defined, the classical difference sequence spaces [, (A), c(A) and ¢, (4),
X(A) = {x = (x) : Ax € X}
WhereX € { [, ,c, co} with Ax = Axy, = X3 — Xpyq -
M. ET. and R. Colak [3] have been defined sequence spaces l,(A™), c(A™) and c,(A™)
lo (A™) = {x = (x):Ax € 1.}
c(A™) = {x = (x4):A™x € ¢}
co(A™) = {x = (x,) : A™x € ¢}, mEN
Ax = x3, — Xp41,0%% = (x,), AT x = ATy,

=A™~ 1xk - Amxk+1
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=Xpeo(=1) (T)xk+v

And also generalized some results of Kizmaz [ 1 ] and proved that these spaces are Banach spaces via norm
lx lla = 2521 1]+ x|
M. ET and ESI [8] defined AT*(X) for X € {l, ¢, ¢y} and find their Kothe
-Toeplitz dual.
AZ(X) = {x = (x;): A7'x € X}
Where,
Adx = v x,
ApXye = VX — Vg1 Xp41

m — Am-1 m-1
Av X = Av Xk — Av Xk+1

0
= Z(_l)i (Tln) Vk+iXk+i
i=1

Where,me N, v=(v;) is complex sequence of non-zero numbers .
Let us defined the sequence spaces -

Ay (le) = {x = (x;): Apx € 1o}

AT(co) = {x = (x): ALx € ¢p} vvvennnns 1.1

Ay(e) = {x = (xx): Apx € ¢}

Where r € N set of natural numbers and v = (v;,) is nonzero complex sequence and
ASx = v,x,
ApXp = VX — Vg1 Xk41
Ajxy = VX — 2Vpq1Xp1 + Vs 2 Xier2

= Apxy — DAyXpqq

r—1

r
Ay = A7 g — A gy = Z(—l)p (p) Vi+pXk+p
p=0

It is clear that AL (1), AL(c), AL (c,) are linear spaces and normed linear spaces via norm

% lla = Zp=r [0 + 1A7x]]o.

2. Main results

2.1. Theorem

The sequence spaces A} (1), AL (c) and AL (c,) are
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Banach spaces by the norm
2 lla = Zp=1 [xpvp| + 147l

2.1.1. Proof

suppose, (x,,) is a Cauchy sequence in A (l,,) , where xn=(xn1, Xn2, xn3‘___) where x,,;.is the k" coordinate of x,,.
Now,
n = Xmlla = 1| (tnp = Ximp ) Vp [+1A5 (n = Xim)lloo = B (Xnp — Xmp ) Up[+Sup |AL Ctre — Xirie)| = Oas
m,n— o
Hence,
[%nk — Xmi| = 0 as m,n— 0
Therefore (x,;) = (xk, X2, X3k ) = 0 as Cauchy sequence in C set of complex numbers then

lim Xnk = Xk

n-oo

(x,,) is a Cauchy sequence for each € > 03 N = N(¢) such that

lx, —x,lla <eVmn=N
n mllA

Hence,
31| (np — %mp)| < € And
Lp=0 |(—1)p (;) (Uk+pxn(k+p) - Uk+pxm(k+p))| <€Forallmn=N T]JH(I) Z;=1|xnp — Xy
= 0| Xnp — Xy | <€
And
Tim |47 G = Xmi)| = |85 Gonse — )| < e mne N
Hence,

[lx, —x|la <2eVvm =N

Or x, = x as n = oo where x=(xy)
Now, |85 | =125-0(~1)7 (1) (WeapXieap)|
|Z£:0(_1)p (;) (Vk+pxk+p — VispXn(k+p) T Uk+pxn(k+p)|
52;:0(_1)p (;) (Vk+pxk+p - |Vk+pxn(k+p)+| Z;:o(_l)p (;) (Uk+pxk+p - Uk+pxn(k+p)|
< llxn = xmlla + |Apx| = 0(1)

Hence, x€ A} (l,,) and therefore Al (l,) is Banach space.

Similarly, we can proof for AL (c) andA}(cy).
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It can be proved that A (c) and A% (c,) are closed subspaces of AL (l,,).
Hence, these are also Banach spaces .

2.2. Lemma

o ALM(L) D ALl
A7 (e) > Ay(0)
A" (co) 2 Ay (co) -

2.2.1. Proof
Let xe AT (1)

Since
AT x| = 18D — A Xpeaq |
<|AGxp [+|AY X 41 | = Oask — oo
We have xe ATF1(1,,)
Thus, AL (L) c AL (1),
In the same way, we can proof for A7 (c), AL(c,) -

2.3. Lemma

Ay (co) Ay () c Ay (Leo).

2.3.1. Proof

Proof is similar to lemma 2.2.
Now define an operater,
Fr A (X) - A5 (X)
Where X € {l,, ¢, ¢y}
Such that Fx = (0,0,0...,%41, Xm42) Xm4s3 - ) fOr x € AL(X)
Now for X=1,
Fr Ay (L) = A1)
Such that Fx = (0, 0,0...X,,41, Xm 42, Xm+3 - ) fOor X€ AT(l,)
Clearly, F is bounded linear operater on AL(l,,).

The set D[AL(le,)]= {X = (x3) : x € AL(le); X, = X3 = X3 ... = X, = 0}, is subspace of AL (l,) and || x |[5 = ||A}]| in
DAy (1)

Now define ALx = y
=A1€_1xk - A;_lxk+1 e 1.2
A} is a linear homeomorphism [4].

Hence D[A}({,,)] and [, are equivqglent to topological spaces.
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ATand (AL)™! are norm preserving of equal to
Azl =N~ =1
3. Dual Spaces
here, we defined a — dual or kothe- Toeplitz duals of AL(l,), AL(c), AL (c,) and checked their perfectness.

3.1. Lemma

supy |Ap x| < 0o sup k™AL Txg | < o0

3.2. Lemma

sup k¢ Ayxy | < o0 implies sup k= * Vv x| < oVi € N

3.3. Lemma

sup kAL x| < colmplies supkk‘(i+1)|AZ_(i+1)xk| <«VIEN,meEN,m>i>1.

3.4. Corollary
If xe AT (1) then sup, k™" v, x| < oo.

3.5. Definition

Let X be a sequence space, then

X*={a = (ay) : Xim| apxy | <oV x € X}

Is called Kothe -Toeplitz dual of X or &« — dual of X and
XP={a = (ap): X5, apxy is convergent V x € X}

Is called Generalized Kothe -Toeplitz dual of X.

3.6. Definition

Suppose, X is a sequence space if X = X** then X, is called perfect sequence space.

3.7. Lemma

e XcY=>Y%X“
o Xc(X®*=Xx9e

3.8. Theorem

My={a=(ay): Xk k" lagv 1| <
M,={a=(ay): Xro1 kK T|agv| < oo
Then
(85 (L))" = (A5(0)) " = (Ap(co))®* = My
(A5 (L))" = (A5(0))™ = (A5 ()= M,

And AL (1), AL(c), AL(c,) are not perfect space .
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3.8.1. Proof
(850))" = {a=(ax) : Therlai] < 0V x € A5(1))
letae M,
iclaxl = Zey kM lav ™ k77 x| < oo for each x € Aj (L)
Yi=alawx| < oV x € A,(l)
Hence,

M, c[AT(I)]% e 1.3

Now leta & M; then for some k

[ee]
Z k"|apv=1y| = o
k=1

Now define a sequence

Olﬁkﬁnl

= {vi k] i=1,2
X k zni+1<k<ni+1l ,,3...

i
Then,

AL vexel =%y +1 <k <y i=1234..
Hence,

X € [A5(L)]" and X3, |arxi |22, 1 = 0
a€ [A7(l,)]* and hence,
[AT(1)]%CMy ... 1.4

From 1.3 and 1.4

[AT(1)]% = My e 2)

Since
AL (co) € Ap(e) c Ay (L)
= [A}(Leo)]%C [AL()]* [ AL(C)]® wevrerrren 1.5
From 1.2, 1.3 and 1.5
M (85 (L))" ¢ (A5(e)) " c (Ajco)®c My
= (85Ux)" = (85(0))" = (Ahce)*= My ... (3)

Now, leta € M,

Yieilarxi] < sup k™ |agxy| Y= k7 |xxvi| < o0 for each x € (A} (cy))%= M,
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Hence,

Conversaly, let a¢ M, then

My ¢ [AL(1)] ... 1.6

supik ™" |vxy | =

Hence, there is a sequence of k(i) of positive integers which is strictly increasing, such that

Let us define a sequence,

Then,

D=1 k" 0"

Hence,

And

From 1.6 and 1.7

Since

From 1.6,1.7 and 1.8

Hence,

Since

(K] | awcy viey| > i

{ 0 k = k(i)
X, = -1 )
“Varw|™ k # k@)

© . -1 0  s—
=22, k@] |ak(i)vk(i)| S Ui <o
x € [A5(L)]*

Yreilagxy|=X2,1 =00

a & [A}(1,)]
[A7(1)]**C My oo, 1.7

[A5(1)]* = M,

[A5 (L) ]* C [Ap (€)%l A4 (co)]*

= [ AV (co)]**c [AL(c)]**c [AL (U )]* ....nee. 1.8
My c[ A% (co)]**c [AL()]**c [A (1) ] M,
[AT ()] = [AL(co)]*® = [AL(C)]*® = My e (4)

M, # M,

[Ay(1e)]* = M,
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# [Ay(1)]”
[A5(0)]*" = M,
# [Ap(0)]”
(45 (c)]™ = M,
# [Ap(co)]”
Hence
AT (ly), AL(c), AL (c,) are not perfect space.

3.9. Theorem

[A5(Leo)]? = [DA, (Le)]*
[A5(co)]* = [DAG (o)1

3.9.1. Proof

Since,
D[A; (Ie)] € Ay (Leo)
Then,
[A5(1)]* ¢ D[Ay (Lo )]*
Let a€ [AL(l,,)]% and x€ AL (1)
From corollary 3.4
Yi=alarx|=Xg=y k" |ag| (k7" |xi|) < o0
Hence,a € [DA}(1,)]*
Therefore, [A},(1,)]* = [DAL(I)]%.
We can proof 2. in the same way.

3.10. Lemma
[DA; ()] = [DAG()]*

3.10.1. Proof
Since, D[ AT (¢)] c AL (L)

[A5(Leo)]* € [DAZ(0)]*
Let,a € [DAL(c)]*
Then, Y72, |ayx; | < oo for each x € AL(c)

Now define a sequence

_{Oikam
Tk ifk > m
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Y K lage[=XRo KT k| + Xiq larxi| < oo
This implies a € [DA}(1,,)]*
Hence, [DA}(l,,)]* = [DAL(c)]“.

3.11. Lemma

lo, NAL(co) = 1, N AL(C).

3.11.1. Proof
Letx € [, N AL (c)

XEly,andx € Al(c)
x€l,andx € A"y x, — AT x5y 2 lask > o
A7 oxge — AT W Xy = L &
This implies 1=0
Hence,

X € L, N AT (cy).

4., Definition

A difference sequence A} (X) is solid for (x,,) € A, (X) and for all (a) of scalars with |a;|<1 V ke N ,( apx,,) € AL (X).

4.1. Definition

A difference sequence A} (X) is monotone if for (x;,) € AL(X) and (y,) € E where E is the sequence consisting of only 0
and 1, (x,y,) €E.

4.2. Theorem

A difference sequence space is solid then it is monotone.

4.3. Lemma

The spaces AL (1), AL(c) are not monotone.

4.3.1. Proof

We can see this by the following example
Let us consider a sequence,

_ {1, if kisodd
Ve = 0, otherwise

Then

(ki) € AL(Le).

4.4, Lemma

The spaces AL (l,,), AL(c) are not solid
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5. Conclusion

The spaces A_v”r (I_co ) , A_v*r (c) are not perfect and also the spaces A_v*r (.o ) , A_v”r(c) are not monotone and

solid.
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