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Abstract 

A new type of generalised fuzzy 𝛿 -ideals in a hemiring namely (∈, ∈ 𝑉𝛿  ) − fuzzy 𝛿 -ideals (resp., 𝛿 - semi ideals) is 
observed and the relationship between the two ideals are described. The main purpose of this study is to observe the 
concepts of -fuzzy 𝛿 ideals and fuzzy 𝛿 semi-ideals using basic definitions and results of hemirings and investigate some 
of the properties and characterizations of the proposed concept. 
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1. Introduction

Semirings which are regarded as a generalization of rings have been found useful in solving problems in different 
disciplines of applied mathematics and information sciences because semiring provides an algebraic framework for 
modelling. By a hemiring, we mean a special semiring with a zero and with a commutative addition. In applications, 
hemirings are useful in automata and formal languages (see [16]). Many-valued logic has been considered by model 
phenomena in which uncertainty and vagueness are both involved. In the literature, Henriksen [13] first defined a kind 
of more restricted ideals in a semiring S, namely, the 𝛿-ideals of S having the property that if S is a ring then a complex 
in S is a 𝛿 -ideal if and only if it is a ring ideal. However, in an additively commutative semiring S, the ideals of a semiring 
coincide with the “ideals” of a ring provided that the semiring is a hemiring. We now call this ideal an 𝛿 -semi ideal of a 
hemiring S. The properties of 𝛿 -ideals and also 𝛿 -semi ideals of a hemiring were thoroughly investigated by Torre in 
[24]. Recently, Jun [17] considered the fuzzy setting of 𝛿 -ideals of hemirings. Also, Ma et al. discussed the properties of 
generalized interval-valued fuzzy 𝛿 -ideals of hemirings in [20]. In particular, we describe the regular hemirings and 
irregular hemirings by using some of the fuzzy 𝛿- ideals. Finally the implication based on fuzzy 𝛿- semi ideals of a 
hemiring are discussed. 

2. Preliminaries

Recall that a semiring is an algebraic system (S, +, * ) consisting of a non-empty set S together with two binary operations 
on S called addition and multiplication (denoted in the usual manner) such that (S, +) and (S, ) are semigroups and the 
following distributive laws a(b + c) = ab + ac   and    (a + b)c = ac + bc are satisfied for all a, b, c    S. 

By zero of a semiring (S,+, * ) we mean an element 0  ∈ S such that 0*x = x *0 = 0 and 0 + x = x + 0 = x for all x∈  S. A 
semiring with zero and a commutative semigroup (S, +) is called a hemiring. 

A left ideal of a semiring is a subset A of S closed with respect to the addition such that SA ⊆ A. 
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A left ideal A of a hemiring S is called a left 𝛿-ideal if for any x, z ∈ S and a, b ∈ A 

from x + a + z = b + z, it follows x ∈ A. A right 𝛿-ideal is defined analogously. 

We now recall some fuzzy logic concepts. A fuzzy set is a function µ : S → [0, 1]. 

2.1. Definition  

A fuzzy set F  of a hemiring S is called a fuzzy left (resp., right) 𝛿 -ideal if it satisfies: 

(F1) ∀x, y ∈ S,  𝛿 (x + y) ≥ min{ 𝛿 (x), 𝛿 (y)}, 

(F2) ∀x, y ∈ S,  𝛿 (xy) ≥ 𝛿 (y) (resp., 𝛿 (xy) ≥ 𝛿 (x)), 

(F3) ∀a, b, x, z ∈ S, x + a + z = b + z → 𝛿 (x) ≥ min{ 𝛿 (a), 𝛿 (b)}. 

Note that a fuzzy left (resp., right) 𝛿 -ideal F of a hemiring S satisfies the inequality F(0)≥ F(X) for all X∈ S. From the 
Transfer Principle in fuzzy set theory, it follows that a fuzzy set F defined on X can be characterized by level subsets. i.e. 
by sets of the form 

 U (F ; t) = {x ∈ X | F (x) ≥ t}, where t∈[0,1].  

 For any algebraic system A = (X, F), where F is a family of operations (also partial) defined on X, the Transfer Principle 
can be formulated in the following way. 

2.2. Lemma  

A fuzzy set F defined on A has the property P if and only if all non-empty level subsets U (F ; t) have the property P. 

As a simple consequence of the above property, we obtain the following theorem. 

2.3. Theorem  

A fuzzy set F of a hemiring S is a fuzzy left (resp., right) 𝛿-ideal of  S if and only if each non-empty level subset U (F ; t) is a 
left (resp., right) 𝛿-ideal of  S. 

  Note: For any subset A of a hemiring S, χA will denote the characteristic function of A. 

2.4. Theorem  

A non-empty subset A of a hemiring S is a left (resp., right) 𝛿-ideal of S if and only if χA is a fuzzy left (resp., right) 𝛿-ideal of 
S. 

2.5. Definition  

[29] A hemiring S is said to be 𝛿- semi ideal if for each a ∈ S, there exist x1, x2, z ∈ S such that a + ax1a + z = ax2a + z. 

The h-closure 𝐴̅ of A in a hemiring S is defined as 

𝐴̅= {x ∈ S | x +a1+z = a2 + z}for some a1, a2 ∈A, z ∈ S. 

It is clear that if A is a left ideal of S, then 𝐴̅ is the smallest left 𝛿 ideal of S containing A. We also have 𝐴̅̅ = A for each A ⊆ 
S. Moreover, A ⊆ B ⊆ S implies A ⊆ B. 

2.6. Lemma  

If A and B are, respectively, right and left δideals of a hemiring S, then AB ⊆ A ∩ B. 

3. Implication based on Fuzzy 𝜹-Ideals 

Fuzzy logic is an extension of set theoretic variables in terms of the linguistic variable truth.                               
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In the fuzzy logic, we denote the truth value of fuzzy proposition P by [P ]. In the following, we display the fuzzy logical 
and corresponding set-theoretical notions: 

[x F ] = F (x); 

[x F ] = 1 F (x); 

[P Q] = min [P ], [Q] ; 

[P Q] = max [P ], [Q]  ; 

[P Q] = min 1, 1 [P ] + [Q] ; 

[ xP (x)] = inf[P (x)]; 

= P if and only if [P ] = 1 for all valuations. 

3.1. Definition  

A fuzzy set F of S is called a fuzzifying left (resp., right) 𝛿-ideal     of S if it satisfies: 

(F4) For any x, y ∈ S, [x ∈ F ] ∧ [y ∈ F ] → [x + y ∈ F ], 

(F5) For any x, y ∈ S, [y ∈ F ] → [xy ∈ F ] (resp., [x ∈ F ] → [xy ∈ F ]),   

    (F6) For any a, b, x, z ∈ S with x + a + z = b + z, [a ∈ F ] ∧ [b ∈ F ] → [x ∈ F ]. 

Clearly, Definition 4.1 is equivalent to Definition 2.1. Hence, a fuzzifying left (resp., right) 𝛿 -ideal is an ordinary fuzzy 
left (resp., right) 𝛿 -ideal. 

Next, we can extend the concept of implication-based fuzzy left (resp., right) 

 𝛿 -ideals in the following way. 

3.2. Definition 

Let F be a fuzzy set and  t∈[0,1] is a fixed number.   Then F is called a t-implication-based fuzzy left (resp., right) - δ ideal 
of S if the following conditions hold: 

(F7) For any x, y ∈ S, |=t [x ∈ F ] ∧ [y ∈ F ] → [x + y ∈ F ], 

   (F8)  For any x, y ∈ S, |=t [y ∈ F ] → [xy ∈ F ] (resp., |= [x ∈ F ] → [xy ∈ F  

   (F9) For any a, b, x, z ∈ S with x +a +z = b + z, |=t [a ∈ F ] ∧ [b ∈ F ] → [x ∈ F ].  

4. Conclusion 

To investigate the structure of an algebraic system, it is clear that (fuzzy) ideals with special properties play an 
important role. In this paper, we considered the relationship among these generalized fuzzy left (resp., right) 𝛿-ideals 
of hemirings. Finally, we investigated the concept of implication-based fuzzy left (resp., right) 𝛿 - ideals of hemirings. It 
is our hope that this work would serve as a foundation for further study of the theory of hemirings. The future study of 
fuzzy sets    in hemirings can be connected with 

 focusing on other types and their relationships among them; 
 investigating prime (semiprime) (α, β)-fuzzy left (resp., right) 𝛿 -ideals; 

 establishing a fuzzy spectrum of a hemiring; 
 Considering quotient hemirings via (α, β)-fuzzy left (resp., right) 𝛿 -ideals. 
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The obtained results can be used to solve some social networks problems and to decide whether the corresponding 
graph is balanced or cluster able.  
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